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DEGENERATE TWO-BOUNDARY CENTRALIZER ALGEBRAS 



ZAJJ DAUGHERTY 



Abstract. Diagram algebras (e.g. graded braid groups, Hecke algebras, Brauer algebras) arise as 

^y tensor power centralizer algebras, algebras of commuting operators for a Lie algebra action on a 

tensor space. This work explores centralizers of the action of a complex reductive Lie algebra g on 

tensor space of the form M^N^V'^'' . We define the degenerate two-boundary braid algebra Qk and 

f^ I show that centralizer algebras contain quotients of this algebra in a general setting. As an example, 

Cn ■ we study in detail the combinatorics of special cases corresponding to Lie algebras 0(„ and sin and 

modules M and A'^ indexed by rectangular partitions. For this setting, we define the degenerate 

extended two-boundary Hecke algebra Ti.'j^^ as a quotient of Qk , and show that a quotient of "H^"' 

is isomorphic to a large subalgebra of the centralizer. We further study the representation theory 

of HI"' to find that the seminormal representations are indexed by a known family of partitions. 

ri , The bases for the resulting modules are given by paths in a lattice of partitions, and the action of 

+H ' "H™* is given by combinatorial formulas. 
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1. Introduction 



The phenomenon now known as Schur-Weyl duahty was first studied by Frobenius and Schur 
in their work connecting the representation theory of the symmetric groups and the general linear 
groups. It has since stimulated many advances in the development of tensor power centralizer 
algebras, algebras of operators which preserve symmetries in a tensor space. Striking examples 
include: 



(1) the Brauer algebras in [Brj centralize the action of symplectic and orthogonal groups on 
tensor space (C"") ; 

(2) the graded Hecke algebra of type A centralizes the action of s[„ on L[X) CS (C")*^ , where 
L(A) is the irreducible s[„ module indexed by a partition A (see |ASj ): 

(3) the degenerate affine Wenzl algebra in [Nazj centralizes the action of symplectic and or- 
thogonal groups on L(A) ® (C"')®''. 

The paper of Orellana and Ram [ORj provides a unified approach to studying tensor power central- 
izer algebras, including the affine and cyclotomic Hecke and Birman- Murakami- Wenzl algebras. 

Recent work in the study of loop models and spin chains in statistical mechanics uncovered 
yet another potential use of Schur-Weyl duality in |GNj . Specifically, a connection was discovered 
between the two-boundary Temperley-Lieb algebra and a quotient of the affine Hecke algebra of 
type C. The Temperley-Lieb algebra is the centralizer of the quantum group Uq5{2 on tensor space 
M (^ N (C^)® , where M and A^ are simple Z//gS[2-niodules, which suggested the possibility of 
constructing affine Hecke algebra type C modules explicitly using Schur-Weyl duality tools. 

In Section [21 we begin the study of the centralizer of the action of q on M N (S) V®'', where 
is a finite-dimensional complex reductive Lie algebra and M, N, and V are finite-dimensional 
irreducible g-modules. The new definition is that of the degenerate two-boundary braid algebra 
Qii, an associative algebra over the complex numbers. This braid algebra can be pictured as the 
degeneration of the quantum group analog, group algebra of the braid group in a space with two 
punctures, a generalization of the affine braid group studied in [ORj. The algebra Qk is generated 

by 

C[xi,...,Xk], C[yi,...,yk], C[zo, zi, . . . , Zk], and C5fc, 

with relations twisting the polynomial rings and the symmetric group together. The first main 
theorem. Theorem I2.H is that Qk acts on M (S> N ^ y^k ^^^ that this action commutes with the 
action of g. In many cases, both historic and new, this action will produce Endg(M ® A^ (8) V® ). 
For example, 

(1) when Q = g[„ or sin, V is the standard representation, and 

(a) M and N are trivial, the image of Qk in Endg(M (8) A^ (8> V'^^) is the same as that of 
the symmetric group 5^; 

(b) M is trivial and A^ is a simple highest weight module, the image of Qk in Endg(M 
N (8) V® ) is the same as that of the graded Hecke algebra of type A; 

(2) when q = so„ or sp2„, V is the standard representation, and 

(a) M and A^ are trivial, the image of Qk in Endg(M CS) A^ (8 V^ ) is the same as that of 
the Brauer algebras; 

(b) M is trivial and A^ is a simple highest weight module, the image of Qk in Endg(M 8) 
A^ (8 V® ) is the same as that of the degenerate affine Wenzl algebra. 

We discuss the specifics of these examples in Remark [ 
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In Section [21 we consider the new cases where g = sin or §[„, M = L((aP)) (the finite-dimensional 
irreducible g-module indexed by the rectangular partition with p parts of length a), N = {{b^)), 
and V is the standard representation. Theorem 14.91 states that a twist of the representation given 
in Theorem 12.11 factors through this quotient. We call this quotient of G^ the extended degenerate 
two-boundary Hecke algebra 'H'^^- 

We further study the representation theory of H^^ throughout Sections H] and [5l classifying 
the seminormal representations. Using the combinatorics of Young tableaux, we describe these 
representations explicitly in Sections 14.31 and [5l The basis elements for the resulting modules are 
given by paths in a lattice of partitions, and the action of Hf^^ is given in terms of contents of 
boxes in those partitions. 

This work may proceed in a number of directions. Firstly, an analogous theory may also be 
developed for centralizers of type B, C, and D, which will parallel that of the degenerate affine 
Wenzl algebra as studied in Nazarov in |Nazj and |AMRj . Also, functorial techniques developed in 
|ORj may be used to promote the study of calibrated 'H^'^^-modules, given in Section [5l to that of 
all standard modules. This should extend to the study of standard modules for types B, C, and D 
as well. 

Finally, one subalgebra of 'H'j^^, the degenerate two-boundary Hecke algebra T-C/^, is of particular 
interest as it is strikingly similar to the graded Hecke algebra of type C. This can be seen through the 
combinatorics presented throughout Sections 14.31 and [5] and in the action of the type C Weyl group 
in the final proof of the paper. This observation suggests the possibility of studying representations 
of type C Hecke algebras using Schur-Weyl duality techniques, a study which is further developed 
in forthcoming papers. 



2. The degenerate two-boundary braid algebra 

Fix k € Z>o- Let Sk be the symmetric group, which is generated by simple transpositions 
Si = {i i + 1) and braid relations 

(2.1) SiSi+iSi = Si+iSiSi+i and SiSj = SjSt, ii j ^i±l. 

The main object of study in this section is the degenerate two-boundary braid algebra, denoted ^fc, 
and is a two-boundary analog to the degenerate one-boundary braid algebra in |DRV1| . By design, 
we will see in the Section [2. II that Qk acts on tensor space of a specific form for a finite-dimensional 
reductive Lie algebra. The algebra Qk is generated over C by 

(2.2) i„ forweS'fc, xi,...,Xfc, yi,...,yk, and zo,zi, . . . ,Zk, 
subject to relations as follows. Let mi = and, for j > 1, define ruj = Yli<i<j "^«,j> where 

(2^) ''TT'j-i,j = Xj ~ 'tsj^iXj-itsj_i, and 

rriij = t{i j_i)mj_ijt(j j_i) for 1 < i < j - 1. 

Then Qk is the associative algebra generated over C by elements (12. 2p with relations 
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(2.4) Zi = Xi + yi - rui, I < i < k, 

(2.5) tw^w' = iww' for w G 5fe 

(2.6) XiXj = XjXi, ViVj = VjUi, ZiZj = ZjZi for all admissible i,j 

(^z./j tg^Xj — Xjtg^, i^SiUj — Vj'^Sit '^Si^j — Zj'^Si^ lor J ^ i,i + i, 

/2 8) (^0 + • • • + z,) Xj = Xj{zo + --- + z,) , ^^^.^ 

(^0 H ^ Zi)yj = Vj (zo-\ \- Zi), -■'' 

(2.9) ts^{xi + Xi+i) = {xi + Xi+i)ts^, ts^ivi + Vi+i) = {vi + yi+i)ts^, for 1 < i < k - I, 

(2 10) l^Sj Sj+iJ \^i+l ~ tsiXitsJ [tsi^itsi) = Xi+2 — tsi+^XiJ^its^j^^, ^ I < i < k — 2 

{tsits,+i){yi+i -tsiyitsi)(ts^_f_^tsi) = yi+2-ts,+iyi+its,+i, ~ ~ 

(2.11) Xi+i - ts^Xits^ = yi+i - ts^yits^, lor 1 < i < k - I. 

2.1. Action on tensor space. Let g be a finite-dimensional complex reductive Lie algebra. We 
fix a triangular decomposition 

(2.12) 3 = n" © f) © n+, with n+ = g^, 

aeR+ 

and R~^ is a fixed set of positive roots for g. A weight is an element of \)* = Hom(f),C). 
The trace form (, ) : g © g ^' C associated to a faithful representation of g is defined by 

{x,y)=tr{9{x)9{y)). 

This is an ad-invarient, symmetric, bilinear form which is nondegenerate on both g and I). Therefore 
the map 

\J ^ \)* 

h >-^ (h,-) is an isomorphism, 

where /i^ is the unique element of f) such that (/i^, h) = fi{h) for all /i € f). We define the symmetric, 
bilinear, nondegenerate form (, ):[)*© f)* —> C by (A,/i) = {h\,h^). 

Let M, A, and V be finite-dimensional simple g-modules, and consider the action of g on the 
tensor space M (^ N (^ y^k ^ Denote the centralizer of the action of g on a g-module U by 

Endg(C/) = {if e End{U) \ xip = fx for ah x G g}. 

We will construct a homorphism $ : ^^ — )■ Endg(M © A © y^'^) using the observation that the 
map given by 

.2l3^ Endg(i7) ^ Endg([7 © C/') 

^ ' ^ if h^ if (g) idjji 

is an injective algebra homomorphism for any g-modules U and U'. 

Fix a basis {6j} for g and let {b*} be the dual basis to {6j} with respect to (,). The Casimir 
element of the enveloping algebra Uq is 



(2.14) ^^ = ^^6,6: 
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and is central in Uq. If U and U' are g-modules, n acts on [/ (8> [/' by 

(2.15) K(^idui +idu (^ K + 2j, where -f = 2_,bi (^b*. 

i 

Since k and 7 are independent of the choice of the basis, we have, in particular, 
(2.15b) ^ = Y^b*0bi. 

i 

Let jjji be the operator given by the action of 7 on the j and j' factors of V^^ (acting by the 
identity on all other factors). Note that jjj' = ^j'j because of ()2.15b|) . Similarly, for a factor X 
{X = M,N, M (g, N, or V, where applied), denote by 

7m, N 7 acting on factors M and A^ in a tensor space, 
7x,i 7 acting on factor X and the i* copy of F in a tensor space, 
Kx K acting on the factor X in a tensor space, 
i^x,<j ^ acting on the factor X and the first j factors of V, 
where kx,<o = kx- 

Using (J2J5]) to apply k iteratively to M ® V®'', N (g) F®^, and M (^ N (g) V^'', we find that as 
operators on M (g) iV (g) V®^, for X = M,N or M 0N, 

(2.16) Kx,<j = Kx +JK.V + '^{ ^ lX,i+ ^ 7r,s 

Theorem 2.1. There is an algebra homomorphism 

$: gfc^EndB(M®iV»y®'=) 
defined by 

^i^i) = ■^il^M,<i - KM,<i-l), ^iVi) = i:{KN,<i - KN,<i-l), 

and ^{zi) = -{KM^N,<i- KMi^N,<i-i + Kv), forl<i<k, 

^(^0) = -{km($n - km - hn) = 1M,N, and 

$(t,J = idM ® idTv ® id®^^'~^^ (g s (g id®^''"^"^^ forl<i<k-l, 

where s ■ {u (S> v) = v ^ u. 

Proof. The i^. act by simple transpositions, so they generate an action of CS^ on y®*-'. Since the 
coproduct is cocommutative, the action of CS^ commutes with the g-action. 

Since k is central, KM,<i G Endg(M (g) F®*). By (|2.13p . this means KM,<i (g idjT* is an element 
of Endg(M (g y^-J) for i < j. So the actions of KM,<i, i = 1,2, . . . ,k, and therefore the actions of 
xi, . . . ,Xk, pairwise commute. Similarly, {yi, . . . ,yk} and {zq, . . . ,Zk} each act commutatively on 
M (g) A^ (g) y®^'. Again by (j2.13p . these operators are also ah contained in Endg(M (g A^ 
Moreover, since M, N, and V are simple, km, kx, and Ky act as constants. So 

$(20 H V Zi) = -{KM(S,N,<i + iKV - KM - Kn) 

commutes with km,<j and kx,<j for j < i, verifying ([2 
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The relations in (j'2.9|) follow from 

^{ts^{Xi +Xi+i)) = ^ts^{KM,<i+l - KM,<i-l) 



i-l 



^ts, I 7Af,i + lM,i+i + 2Ky + 2 ^(7£,i + 7e,i+i) + 27i,i+i by (|2.16p, 

^ 7M,i+i + 7Af,J + 2Ky + 2 ^(7^,i+i + 7^,0 + 27^+1, j t^, 



2 . 

= <^{{Xi + Xi+i)tsJ 

(a similar computation confirms $(ts. (y^ + yj+i)) = $((yi + yj+i)ts.)). The action of the symmetric 
group commutes with the action of g, and if j < i, kx,<j acts by the identity on the i and i + 1 
factors of V®''. Thus 

(2.17) ts,Kx,<j = Kx,<jts„ if j / i, and X = M, N, or M (g) N, 

is satisfied for all i j^ j, which implies (j2.7p . 
Finally, as operators on M (g) A^ (g) y^^ via $, 

a;* = ^ (KA/,<i - KAf,<i-i) = ^i^v + 7M,i + X^ 7^,i) by p.l6p 

i<£<j 

and similarly 

yi = ^Ki + -fN,i + ^ lll,i-, and Zj = Ky + 7Ar,i + lM,i + ^ 7AJ- 

So 

(2.18) mi,i+i = Xj+i - isi2;itsi = Ui+i - tsiVitsi = Zi+i - tsiZitsi = 7i,i+i- 

So (j'i.lip an d (gUD are satisfied. Since tsis,+i7i,i+i*s,+iis, = ts,li,i+2ts, = 7i+i,i+2, relation (|2.10p 
follows from (|2l8]> . 

D 

Remark 2.2. As discussed in the introduction, the degenerate two-boundary braid algebra is 
meant to be the degeneration of the group algebra of the two-boundary braid group, which is the 
braid group in a space with two punctures, or "flag poles." The two-boundary braid group is the 
generalization of the affine braid group used in [QRj . and just like the affine braid group, has many 
centralizer algebras for quantum groups as quotients. Analogously, Qk has many familiar centralizer 
algebras for Lie algebras as quotients, and the map in Theorem 12. II factors through these quotients 
(in some cases after applying an automorphism). For example: 

(1) When Q = g[,„ or s[,„, V is the standard representation, the action of t^. on F V^ is the 
same as that of 7 on F (g) F. So 

(a) when M and N are trivial, the images of Xi and yi are linear combinations of the 
images of t^., j = 1, . . . ,z — 1, and so the image of Qk in End(M ^ N ^ ysk^ jg ^j^g 
same as that of the symmetric group S^; and 

(b) when M is trivial and N is a simple highest weight module, the image of Xi is re- 
dundant as above, and the image of Qj^ in End(M g) A^ (g) V^^) (after a version of the 
automorphism in Lemma 14.81 when g = sin) is the same as that of the graded Hecke 
algebra of type A. 
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(2) When g = so.„ or 5p2„, V is the standard representation, and M is trivial, we hope to see the 
Brauer algebra in |Brj and the degenerate affine Wenzl algebra in |Nazj (when A^ is trivial 
or not, respectively), in which case we expect to see elements which are diagrammatically 
represented by 

1 i z+1 k 1 i i-fl k 

1 i 2+1 k 1 i i+1 k 

The diagram Si corresponds to t^i in Gk, and the diagram Si corresponds to the element 

ei = tsiVi - Vi+itsi - 1- 

The map ^ factors through the quotient of Qk by the relations in [Nazi §4] (after an 
automorphism in the case where g = Sp2„) or by relations in |DRVH §2.2] (with no auto- 
morphism), as is shown in |DRV2j . So, 

(a) when M and N are trivial, the image of Qk in End(M <^N ® y^"=) is the same as that 
of the Brauer algebras, and 

(b) when M is trivial and A^ is a simple highest weight module, the image of Qk in 
End(M ^ N (^ Y^K-^ [^ ^j^g game as that of the degenerate affine Wenzl algebra. 

3. The degenerate two-boundary Hecke algebra 

Our next goal is to consider the case where q is of type 0[„ or s[„, and M, N, and V are 
three specific g-modules. In general, even if we specify V to be the standard representation as 
usual, the decomposition of M (8) A^ is not in general multiplicity free, and so the method of 
considering quotients of the braid algebra in studying centralizers Endg(M(8)A^<8)V^®'') is ineffective. 
However, in the case where M and A^ are indexed by rectangular partitions, it is an amazing 
consequence of the Littlewood-Ricardson rule that the decomposition ol M 0N is multiplicity free. 
Furthermore, when constructing Hecke algebras in the quantum case, one places quadratic relations 
on all generators corresponding to the 7^-matrices. In the degenerate case, these generators are 
specifically ts^, ■ ■ ■ , isfc_i , xi and yi. By choosing M and A^ to be indexed by rectangular partitions, 
we will force quadratic relations on xi and yi as desired. 

In this way, we use the representations of Qk in Theorem 12.11 to motivate the construction of a 
new algebra, the degenerate extended two-boundary Hecke algebra. In Section |4] we will carefully 
lay out the combinatorics behind this construction and explore this motivation further. This section 
is devoted to the definition and two presentations of "W^^ ■ 

Fix a,b,p,q G Z>o. The degenerate extended two-boundary Hecke algebra T-Lf^ is the quotient of 
the degenerate two-boundary braid algebra by the relations 

(3.1) tsiXi = Xi+itsi - I, tsiVi = Vi+itsi - I, i = 1,... ,k -1, 

(3.2) ^xi-a){xi+p) = 0, {yi - b){yi + q) = 0. 

The degenerate two-boundary Hecke algebra Hk is the subalgebra of 'H'f^^ generated by xi, . . . ,Xk, 
yii ■ ■ ■ lUkj 2;i, . . . , Zfc, t^]^ , . . . , tsj._j^ . 

Proposition 13.11 provides a presentation of "Hk^^ which is a consolidation of the presentation of Qk 
using the quotient in (|3.ip and ()3.2p . We follow this up with Theorem 13.21 which provides a much 
more efficient presentation which we will make use of in Section [5l 
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Proposition 3.1. Define 

mi =0, m, = N^ t(j j) /or i > and yi = Zi — Xi -\- mi for i = 1, . . . ,k. 

i=i 
Then T-L^^ is generated as an algebra over C by xi, zq, z\ and t^ for w € 5fc with relations 

twtw' = iww' for w, w' e Sk, 

and 

Quadratic relations: 

{xi-a){xi+p) =0, {yi - b){yi + q) = 0, a,b,p,q eZ^o, 

Commutation relations: 

Si^j — Xjig^f T^Si^j — ^j^si) Jor J f^ 1,1 -\- 1, 
XiXj = XjXi, ytyj = yjyi, ZiZj = ZjZi, zqZi = ZiZQ, for i S ^jj S rC, 

XjZi = ZiXj, fori>j. 
Twisting relations: 

r , , \ r , , \ for 1 = 1... k. 

yi{zo H \- Zi) = {zo-\ h Zi)yi, 

Proof. Equation (j'2.3p can be rewritten as 

^^j)j + ^ "^i + l '^SjXjtsj tsj 

and ruij = ti^i j_i)mj_ijt(j j_i) = t^i j) if i < j - 1. 
So 

mi = 0, mi= J2 ^{i ])■ 

Therefore ()2.4p implies 

= Xi+i - tsi + yi+1 - is, -tsi [ 2_^ t(i j) I ts, 

= Xi+i + 2/i+i - ts^ -tsi- 2_^ t(i+l j) 

= Xi+i + yi+i -mi- tsi 
= ^j+i — tsi ■ 
Similarly, any two of 

^i+l ^SiXits^ — t^^ , yi+1 '^SiVitsi — ^Si) anu ^j+1 i^Si^i^Si — f-Si ) * — i, . . . , K i, 

imply the third. So we use ()3.ip to discard the generators X2, ■ • • , a^^, yi, ■ ■ ■ ,yk, and Z2, ■ ■ ■ , zi^, by 
defining 

Xi — t-Si—i-^i— I'-Si—i + '"Sj-i 5 ^i — '■Si-i •2^1—1 ''Si- 1 ~r ''Si_i ) ^ — z, . . . , /£, 

and yj = Zj — Xj + 77ij, i = 1, . . . , A: 
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Relation (|2.9|) can be rewritten as 

tsiXi — Xi^itg. = tg^ytg^Xi — Xj-|_iisjtsj and tg^yi — yi^itg^ = tg^itg^yi — yi^itg-jtg^ 

for 1 < i < k — 1, which is equivalent to —1 = —1. Relation (12.10p is equivalent to 

(tg^+i) (tsJ {ts,+M) = Wi for 1 < i < /c - 2, 

which is redundant with relation t^. = 1 and the second relation in (|2.ip . Relation (j2.1ip is 
equivalent to tg. = tg^ . So by introducing ()3.ip , we can discard relations (j2.9p - (j2.1ip . The second 
relation in (|2.7p can also be discarded since for j 7^ i, i + 1, 



Finally, independent of (j3.ip . we rewrite relation (|2.8p as 

XiZo = ZQXi + Uzi -\ ^ Zi)Xi - Xi{zi -\ \-Zi)), fQ^^^l J. 

yiZQ = zoyi + ({zi -\ h Zi)yi - yi{zi -\ h Zi)) , >•••') 



and 



XjZi = Xj{zo -\ h Zi) - Xj{zo-\ h Zi-l) 

= (zo H h Zi)xj - {zo-\ h Zi-i)xj 

= ZiXj, and for i > j. 

Vj^i = Ziyj. 



U 



The following is a streamlined version of Proposition [ST] which will be our favorite presentation 
for calculating representations in Section [5j 

Theorem 3.2. Let 

Wi = Zi- -{a-p + b-q). 

Ti'^^ is generated as an algebra over C by wq, wi, . . . , Wk, xi, tg^, . . . ,tg^_-^ with relations 
Braid relations: 



(3.3) 


^Si — 1) ts.tg._^_j^tg- — 


■ tg-^-l^tg. 


^Si+l, 




ts. 


tsj = tg^tg^ for \i 


(3.4) 


Xlitgj^Xltg-^ +t 


w) = 


(t. 


nXit 


Si + tg-^)Xl , 




Quadratic relation: 












(3.5) 


Commutation relations: 


{xi - 


a){xi 


+ 


p) = 


0, 


(3.6) 


tg^Wj =Wjtg^, 










j^i,i + l, 


(3.7) 


XlWi = WiXi, 










i = 2,... ,k, 


(3.8) 


Xltg- = tg-Xl, 










i = 2,...,k-l, 


(3.9) 


WiWj = WjWi, 










i,j = 0,...,k, 
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Twisting relations: 

(3.10) ts^Wi = Wi+its^ - 1, i = 1,... ,k-l, 

(3.11) XiWq = WqXi — {xiWi — WiXi), 

fo-,n\ ,f N , 2 , fO'+P + b + q\ fa+p-{b + q) 

[o.lzj xiwi = —wixi + [a — p)wi + Wi + ' ' ' 

Proof. With the exception of 

yi = Zi - Xi + rrii = Wi - Xi + TTii + -{a - p + b - q), 

every substitution oi Zi = Wi + ^{a — p + b — q) in the presentation in Proposition 13.11 results in a 
cancelation, i.e. 

tsiWj = Wjtg^., for j ^ i,i + 1, WiWj = WjWi, WQiVi = WiWo, for 1 < i,j < k, 

. Xi{wo-\ \-Wi) = {wQ-\ \-Wi)Xi, 

XjWi = WiXi tor i > 7 and ; , . \ ) . . { 

^ ^ Viiwo + ■ ■ ■ + Wi) = {wo + ■ ■ ■ + w^)yi, 

are immediate. 

Next, we address (j3.12p by proving the following claim: 

Claim 1: The set of relations 

(A): (xi -a){xi +p) =0, (yi -6)(yi + g) = 0, and wi = xi + yi - ^{0 - p + b - q) 

are equivalent to the set of relations 

{xi — a){xi + p) = and 
^^^'- xiw, = -w,x, + (a - p)wi + wl + (ii±£+^) (^^i±Pd^M^ 

Proof: 

(A) =^ (B): First notice that 

x'l = {a- p)xi + ap, yl = {b- q)yi + bq, 

and zf = {xi + 7/1)^ = xiyi + yixi + (a - p)xi + (b - q)yi + ap + bq. 
So 

xiwi + wixi = xi{xi+yi- {a-p + b- q)/2) 
+ {xi + yi- {a-p + b- q)/2)xi 

= 2x1 + (a^iyi + yi^i) - {a-p + b- q)xi 
= {a-p-{b- q))xi + 2ap + [xiyi + yixi). 
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Since 



wf = zf - {a-p + b - q)zi + -(a - p + b - q)"^ 
= xiyi + yixi + (a - p)xi + (6 - q)yi + ap + bq 

-{a-p + b-q){xi + yi) + -{a-p + b-qf 
= [xiyi + yixi) - (6 - q)xi -{a-p){wi-xi + {a-p + b- q)/2) 

+ ap + bq+ -{a-p + b- qf 
= [xiyi + yixi) + {a-p-{b- q))xi - (a - p)wi 

+ ap + bq-{a- pf/'i + (6 - qf/'i 



we have 

xiWi + wixi = {a — p — [b — q))xi + 2ap 

+ {wl - {{a-p- {b- q))xi - {a - p)wi 

+ ap + bq-{a- pf/A + (6 - qf/A)) 

2 , . (a + p + b + q\ (a+p-{b + q) 

Wi + [a - p)wi + ' 



(B) =^ (A): If yi = wi — xi + ^(a — p + b — q), then using both relations in (B) to 
expand xf and wixi + xiwi, direct calculation yields 

(yi -b){yi +q) 

= {wi - xi + i(a -p + b- q) - b){wi - xi + ^{a - p + b - q) + q) 
= 0. 

The remainder is showing that the relations in Proposition 13.11 follow from relations (j3.3p and 
(J3.4p - (l3.12p . As in Proposition 13. H define Xj+i = ts^Xits^ + t^^. By induction on i, 

Xi-\-l — tg^ • • • i-s^^i [J'SiXflg^ -f- ts^jtg^^-^ ■ ■ ■ tg^ 
i 

r=£+l 
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Claim 2: tg^Xj = Xjtg^ for i > j. 

Proof: If i > j, then i^. commutes with i^^ for all £ < j, so by (j3.8p and 13.131 






^£=2 



Xjtsi- 



Claim 3: ts^Xj = Xjtg. for i < j — 1. 
Proof: By (lO^ . 



+ tsitsj_i ■ ■ ■ tsi^2''Si + lisi+2 ' ' ' ^Sj-1 

i-1 

£=i+2 



\e=i+2 / 



But, by ClahxL 2, since i + 1 > i, 

= tsitsi + ltsiXitsitsi_f_i^ + tsitsi_f_-i^tsitsi^i + tsi*Si + l 

2 2 

= tsi + lisiXitsitsi_f_j^tsi + isi+itsi + tsi+ltsitsi + ltsi 
= \tsi+l\tsiXitsi + tsjtsi^i + tsi^ijtsi- 

DO Tg^Xj — Xjts^. 

Claim 4: XjXj = XjXj for i,j = l,...,k. 

Proof: First, xiX2 = 2;22;i by 13.41 Next, we induct on i to show XjXj+i = Xj+iXj for 



DEGENERATE TWO-BOUNDARY CENTRALIZER ALGEBRAS 13 

i = 1, . . . ,k — 1: 

~ [{^Si^iXi-ltsi^i + ts^_^)ts.[ts._-^Xi^itsi_-i^ -rtsi^i) + \tsi^iXi-ltsi_i + rs^_j^ j j tg^ 

But 

[tsi-iXi-.itsi_its.ts._-^Xi-.its^_^ + Cs^_-^Xj_itsj_j jts; 

= tsi^i^i-ltsitsi^itsiXi-ltsi^j^tsi + ts._-^Xi-itg.ts._-^ts. 

= tsi-itsiXi-ltsi_iXi-its-ts-_-^tsi + ts._-^ts^Xi-itg.tsi_itsi 

= tsi^itsiXi-ltsi_iXi-its^_-i^tg^tsi_i + ts-_-^tsiXi-its-_-^tsitsi_-^ 

= tsi^i'tsi[Xi-l'tsi^iXi-ltsi_i + a^i-llsi^i jisils,;_i 

= rsi_.itsi(isi_ia^i-ltsi_i3^i-l + tsi-iXi-i)ts-tsi_-^ 

= tsi[tsi_iXi-itsi_its.tsi_-^Xi-itsi_i + tsi_iXi-its-_-^), 

['tsi-i'tsi'tsi-iXi-itsi_i + ts^_iXi-its-_-^tsitsi_i)tsi 

2 

= tsitsi-lXi-ltsitsi_i + tg_ts^_itsiXi-lts^_i 

and 
So 

— '"SiXiTg^Xi -r tg^Xi — Xi-\.\Xi. 

Finally, assume, without loss of generality, that i < j. Then Claim 4 follows by (j3.13p and 

Claim 2. 

Claim 5: WjXi = XiWj for j > i. 

Proof: By (ffe]) . 

So (13. 6p and (I3.7D imply WjXj = XiWj for j > i. 

Claim 6: Xi{wQ + ■ ■ ■ + Wi) = {wq + • • • + 'Wi)xi for i = 1, . . . k. 

Proof: This follows by induction on i, with i = 1 satisfied by (I3.1ip . Rewrite ()3.10p as 

ts,{Wi +Wi+i) = {Wi +Wi+i)ts^, SO 

Xi{wo H VWi) = {ts^^^Xi-its^_^ + ts^_^){wo H \-Wi) 

= iwo-\ h Wi){ts^_^^Xi^its^_^ + ts,_i) 

= (■Wo H \- Wi)xi 
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since Xi^iwi = WiXi^i by Claim 5, and ts^Wj = Wjts^ for £ < j hj 

Claim 7: If yi = wi — xi + ^{(^ ~ P + f^ ~ q) ^^^ y2 = ^2 — X2 + ts^ + ^{a — p + b — q), then 

yiy2 = 2/2yi and yits^ = t^^yi for i > 1. 

Proof: Let K = ^{a — p + b — q) . So 

yiy2 = (u^l - Xi + K){W2 - {ts^Xitsi +tsi)+ isi + K) 

= {W2 + K){wi - Xl + K) - {Wl - Xi+ K)ts-^Xlts-^ 

= {W2 + K){wi - Xi+ K) - {ts^Xits^)K - WitsiXitsi + Xits^Xitsi 

= {W2 + K){wi - Xi + K) - {ts^Xits^)K + Xits^Xits^ - its-t_W2 - l)xits^ 

= {W2 + K){wi - Xi+ K) - {ts^Xits^)K + Xits^Xits^ + Xit^i - ts^XiW2ts^ 

= {W2 + K){wi - Xi + K) - {ts^Xits^)K + ts^XitsiXi + ts-^Xi - tsj^Xi{tsiWi + 1) 

= {W2 + K){wi - Xi+ K) - {ts^Xits^)K + tsiXits^Xi - ts^Xits^Wi 

= {W2 - tsiXits^ + K){wi -Xi + K) 

= y2yi- 

The latter is simply i^. commuting with wi, xi, and K for i > 1. 

Claim 8: Let rui = Yl]^i ^(j i) and K = ^^{o- — p + b — q). \i yi = wi — xi + K , then 

yi = Wi-Xi + mi + K and yi = ts,_iyi-iis,_i + ts,_i 

for i = 2, . . . ,k are equivalent definitions of yi. 

Proof: Since isjt(j j)tsj = *(« j+i), we have tsjirijigj = rrij+i - tgj, and so 

tsM^^s, + ts, = ts,{Wi -Xi + mi + K)ts^ + tsi 

= {wi+i - tsj - {xi+i -tsj + {rui+i -tsj+ K + tsi 
= Wi+i - Xi+i + mj+i + K = yi+i. 

The other direction follows by induction. 
Claim 9: If y^ is as in Claim 8, then 

Viyj = yjVi for ^, J = 1, • • • , ^, ts.yj = yjts, for j ^i,i + l, 

and yiWQ = w^yi + [{wi H h Wi)yi - yi{wi -\ h Wi)) for i = 1, . . . fc. 

Proof: These follow from Claims 7 and 8 analogously to the Xj-valued relations above. 

D 

As a final remark, Theorem 13.21 implies T-iJf^ — C[wq] "Hk as vector spaces. 

4. Tensor space as a 'W^^'^-module 

Now we fix g = g[„ or s[„, and show that for special choices of g-modules M, A^, and V, the 
algebra Tif^^ acts on tensor space M iS) N V"^ by a twist of the representation <l> in Theorem 
12.11 via an automorphism of Gk ■ We go on to explore seminormal representations arising from this 
representation. 
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(I) 










— 







=S[n 

Partition assoc. to 
A = 3ei + 2e2 + 2e3 

-^(ei + ••• + £„) 







(11) 










































. . . _ 


— 













= 0[n 

Multiseg. assoc. to 

A = 3ei + 262 

+2^3 - £4 



(I 



2-1 



I) 



1 2 



2-1 





Multisegment from (II) 

filled in with contents, 

as defined in (14.511. 



Figure 1. Weights represented as multisegments. 

4.1. Preliminaries on gl^ and s[„. Let V = C" with orthonormal basis {vi, . . . , Vn}- We consider 
the Lie algebras 

0L„ = End(y) and 5l„ = {x e End(y) | tr(x) = 0}. 
Let £i, . . . ,Sn be the orthonormal basis of the weight space [)*, where if Eij G End(y) is given by 
EijVk = Sj^kVi, then ei{Ejj) = Sij. The set of positive roots is given by 

ii+ = {e^ 

The set roots is R = R^ U R^ , where R~ 
l,...,n-l}. 

The finite-dimensional irreducible s[,„-modules are indexed by the dominant integral weights 

A,: € 
p+ = ( X = Aiei + • • • + Xn-iSn-i - —{ei + ■ ■ ■ + £n) 



Sj I I < i < j < n}. 



{—a I a € R^}, and has basis {oi = Ei — ej+i 



Ai > • • • > A„_i > 0, 

|A| = Ai -I- • • • -I- A„__i, 



and we identify each weight A with the partition with Aj boxes in row i. The finite-dimensional 
irreducible 0[„-modules are indexed by the dominant integral weights 

P+ = {A = Aiei + • • • + Ane„, | A, G Z, Ai > • • • > A„} , 

and we identify each weight A the partition which extends infinitely to the left, and ends on the 
right in column Aj. For examples of each, see Figure [1] parts (I) and (II). In the case where = 0[„ 
and Aj > for all 1 < i < n, we often represent A as a finite partition, leaving off boxes to the left 
of 0. In either case, the first fundamental weight is indexed by a single box, i.e. is given by 



Wl 



l{£l + ---+£n) 



0[n> 
S[„. 



Let L{\) be the finite-dimensional irreducible highest weight g-module of weight A, i.e. the 
irreducible 0-module generated by highest weight vector vj^ of weight A with action 



hv-l 



■j^ — X{h)vJ^ and xvj^ = 0, for /i G f), x G n . 

In particular, when q = g[„ or sin, the standard representation is L{u}i). 

The decomposition numbers for the tensor product of two highest weight modules can be calcu- 
lated using the Littlewood- Richardson rule (see [Mac! 1,1]). The two special cases we require are 
as follows. 
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a> b 





a 


b 


V 




^ 


Q 


^' 





a <b : 
b 



P 











f^' 





f^ 



^ is a partition in a b x q box ^ is a partition in an a x q box 
fi' is the 180° rotation of {b'^)/ ^ ^' is the 180° rotation of {a'^)/fj, 

Figure 2. An illustration of partitions in "P = 'P{{aP), (&''))• Outlined sections are 
filled full with boxes, and dashed regions are filled with complementary partitions. 

Example 4.1 (Adding a box). For q = gl„ or s[,i+i o,nd fj, £ P'^ , 

^ j partitions of height < n 



(4.1) 



obtained by adding a box to /x 



L{^) ® L{ijJi) = ^H L(A), where //^ 

AGM+ 

Example 4.2 (Rectangles). (See [Stl Lem. 3.3], |Qkl Thm 2.4]j Letp > q and a,b be non-negative 
integers. Denote the rectangular partition with p rows of length a by (a^). Then each L{X) has 
multiplicity 1 in L{{a^)) ® L{{b'^)) if X^V, and is zero otherwise, where V = V{{a^),{b'')) is the 
set of partitions A with height < p + q such that 

^q+l = ^q+2 = ■ ■ ■ = Ap = a, 
(4.2) Xq > max(a,6), 

Xi + Xp+g^i+i = a + b, i = l,...,q. 

In other words, V is the set of partitions made by placing (6'^) to the right of (a^), carving a corner 
out of {b'^), rotating it 180° and gluing it to the bottom of (a^). For example, 



S 















+ " 




+ 






■ 














+ I 


+ 


+ 








- 







A useful visualization of these partitions is given in Figure [H 

4.1.1. The Casimir element and the operator 7. When g = s[,„, we distinguish the weight 

1 1 " 

(4.3) p=-Y^a = - Y,{n + 1 - 2i)e,. 

When = 0[„, we choose the analogous weight 



(4.4) 



(n - l)ei + (n - 2)^2 H h e„_i = ^(n - i)ei, 



i=l 
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which matches [Mac! 1,1]. Keeping g = §[„ or 5l„, recall from (j2.14p and (j'2.15p that 

K = 2J bib* and 7 = ^J bi®b*. 

i i 

Lemma 4.1. T/ie Casimir element k acts on L{X) by the constant 

{(A, A + 2(5) — (n — 1)|A| when g = g[„, 
(A, A + 2/9) when g = s[„. 

It follows that if L{X) is a subniodule of L{fi) ® L{v), then 7 acts on the L[\) isotypic component 
of L{fi) ® L{v) by the constant 

A _ {\[{\>^ + '2.5) - {11,11 + 25) - {y,v + 25)) w/ien g = g[„, 
^^ \\{{^i^ + 2p) - {l-i,^i + 2p) - {v,-^ + 2p)) when Q = sin- 

Proof. Both cases are classical results. We include here an argument for g = g[„, as it is illustrative 
of both. For the action of n when g = sin, see also jJacj §8.2]. The elementary matrices {Eij \ 1 < 
hj < n} form a basis of g[„ with dual basis {Eji \ 1 < i,j < n} with respect to the trace form. So 

n 

K= 2_^ EijEji = 2_^EiiEii+ 2_^ {Eii — Ejj + 2EjiEij), 

l<i,j<n 2=1 l<*<i<'" 

and therefore 

i=l l<J<i<'^ 

= l{X,X)+Y,{2n-2i)Xi-in-l)xAv+ 

= {{X,X) + {X,25)-{n-l)\X\)v+. 
Since k acts on L{fi) (g) L{i^) by (k ® idi(jy)) + (idL(^) (8> k) + 27, 

But if L{X) C L(^) ® -^(j^), then |Aj = |^| + |i/|, so the desired action of 7 follows. D 

If B is the box in column c and row r of a partition A, the content of B is 

(4.5) c{B) = c-r. 

See Figure [T] part (III) for an example of a filling of boxes in a multisegment with their respective 
contents. We can now give a combinatorial description of the values 7 takes on tensor products in 
the special cases described in Examples 14.11 and 14.21 

Lemma 4.2. If L{X) is a subniodule of L{^) ®L{uJi), then 7 acts on the L{X) isotypic component 
of L{p) ® L{uji) by the constant 



\ 



c{X/fi), i/g = g[^, 



^^"^^ |c(A/^)-M, ^fQ = 5in, 
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where X/fi is the box added to /i to obtain A. 

Proof. These values are also known in the literature, but we give an illustrative calculation. Let 
Q = Qin and write /i = fiiSi + • • • + fJ-n^n- Adding a box to ^ in the i^^ row is equivalent to adding 
Ei to /i. So, since uji = £i, by Lemma HTH 

27^0,1 = {{l^ + £i,f^ + ei + '2S)-{fi,fi + 26)-{uji,uji + 26)) 

= 2(^,ei) + 2{ei -ei,/i) + 2{ei -ei,ei) + {si -ei,ei - £1 + 26) 
= 2{fii + Hi- m- 1 + 1 + {n-i)-{n- 1)) = 2(^i + l-i). 

A box added to row i of fj, is in position (i, fii + 1) and has content (/ij + 1) — i, so 7^^^ = c{\/ n). 
The case where q = s[„ follows analogously, since adding a box to /x in the i row is equivalent 
to adding £« — ^(ei + • • • + En) to /_i, and so A = /i + e^ — ei + wi. 

D 

Finally, we will need to understand the the action of 7 on M (8) A^, where M and N are indexed 
by rectangular partitions. Specifically, fix a, 6,p, g positive integers with p > q and 




Let M = L{[aP)), N = L{{W)), and recall from Example 14.21 that nontrivial submodules of M(8> A 
have multiplicity 1 and are indexed by partitions in V. 

Remark 4.3. As a consequence of the description of V in (j4.2p . if a box in A G V{{a ), {p'^)) is 
moved from position {i,j) to form another partition in V, it must be moved to position (a + b + 
l-i,p + q+l -j). 

Any partition in V can be built iteratively by beginning with the partition 

( P) + (h") = h^^^ + --- + ^p) + ^l*^! + • • • + £9), when g = qI^, 

^°^^ ' \a{ei + --- + ep) + bie^ + --- + e,)-^{ei + --- + en), wheng=5[„, 

and moving successive boxes down. An example of this process is given in Figure [3l 



Lemma 4.4. Let fi and A index distinct non-trivial components of M ® N , assume A differs from 
fi by moving one box from position {fj,i,i). Denote the constant by which k acts on an irreducible 
component L{y) as Kj^^^^y Then 

i^L{\) = KL{f,) - 4((/ij -i)- ^{a-p + b-q)). 

Proof. If g = g[„ and X = fj, — Si + £j is obtained from /i by moving a box from row i into row j, 
then 

'^L{A) = (A,A + 25)-(n-l)|A| 

= {fj.,fi + 26) - (n- l)\fi\ + 2{fi,ej - Si) + {ej -ei,ej -ei + 25) 

= KL(f,) -2(^{fii-i)- (Aj - j)j 

= ^L(/i) ~ 2(content of old box — content of new box). 
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A similar computation will show the same for g = sin- Now, if A and /i are both elements of V, 
then j=p + q + l — i and Aj = a + 6 + 1 — //j. So 

'^L(A) = i^Up) - 2(^(Mi -i)- {{a-p) + {b-q)- {fii - i))j 

= i^LitM) - 4((Mi -i)-lia-p + b- q)). 

D 

Lemma 4.5. Let X £ V and define B\ to he the set of boxes in A in rows p + 1 and below. Then 7 
acts on an irreducible component L[\) of L{{a^)) ® L{{b'^)) by the constant 



abq + 2 ^ (c(B) - ^{a - p + b - q)) , if Q = dk 



l{aP){bi) 



BeBx 
abpq 



abq — + 2 Y, {c{B)-\{a-p + b-q)), ifQ = 5{n- 



n 



Proof. Both cases proceed similarly by a direct calculation. 
Let = 0[„. By Lemma Wl\ 

'^L((aP)+(6.)) = {{an + m, {an + (6^) + 25) - (n - l){ap + bq) 
= ((aP),(aP)+25)-(n-l)ap 

+ {{W), (6") + 26) - (n - l)bq + 2((aP), {¥)) 

= KM + KN + 2{a{ei H h ep), 6(ei H h e^)) 

= Km + kat + 2abq. 

Since any partition indexing a component oi M <i$ N can be arrived at recursively by beginning 
with Aq = (a^) + {b^) and moving boxes down, iteratively applying Lemma 14.41 implies 

kl{X) = kl{\o) + 4 ^ {c{B) -^{a-p + b-q)) 

= KM + KM + 2abq + 4 ^ {c{B) - \{a - p + b - q)) . 

BeBx 
So 7 acts on the L{X) component of M N hy 

l{ap),{b'^) =abq + 2Y^ {c{B) - ^{a - p + b - q)) . 
B&Bx 
In the case where = s[„, 

aphq 

KL{{aP)+{bi)) = KM + KN + 2abq - 2 , 

and so the desired result follows analagously. 

D 

An illustration of Lemmas 14.41 and 14.51 is given in Figure [3l We now have all of the machinery 
needed to rework the representation of the braid algebra Qk from Section [2TT] into a representation of 
Tif^^, which we will do in Section IT2l However, the recursive process in Figure [3] suggests something 
further about those partitions obtained by adding a box to a partition in V, as we explore in the 
following two lemmas. These results will prove useful later in Section \5\ Let Vi be the set of 
partitions which are obtained by adding a box to an element of V. 
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2(, 



■a-p-l)3a-l 



S. 



4a 








a 







-(a+p) 



3a— p 



W 

a-1 



nr 




-(a-l+p-1) 



-(a-l+p-1) 





a-3p 


D 










-(a+p) 

^ 


-4p 




J-p+i 


(a+^4 


y*!!) 




£ 





2(a-p+l) 



^Tl 



a + 1 



Figure 3. An illustration of Lemmas 14.41 and 14.51 the process of constructing 
partitions in V, those partitions indexing nontrivial components of L((aP))(8>L((6'^)). 
In this example, a,p >! and b = q = 2. The leftmost partition is (a^) + (2^). The 
larger outlined area represents a x p boxes. Partitions are labeled with the action 
of 7 in the case where q = 0[„. Edges represent a box in the leftmost partition 
being moved down to its lower complementary position (as described in Remark 
14. 3p to form the rightmost partition, and are labeled by the change this presents in 
the value of 7. Boxes are marked if they are a change to the left or right, and are 
labeled by their contents. 



Lemma 4.6. ///^ G 'Pi{{a^), {b'^)), then there are exactly one or two X (zV for which A C ^. 
Proof. As described in Example 14. 2| V is the set of partitions A with height < p + q such that 

Ag+i = Ag+2 = ■ ■ ■ = Ap = a, 



(4.6) 



Xq > max(a, b), 



Xi + Ap+g_j+i = a + b, i = 1,... ,q. 
Again, a useful visualization of these partitions is provided in Figure [2j As stated in Remark 



31 if a box is removed from A G P in position {i,j), then a box must be added to position 
{a + b+ 1 — i,p + q + 1 — j) to get another partition in V. Consider a partition n G Vi{{aP), (6'^)). 
Assume, in addition to having p > q, that if p = q then a > b. By moving through the criteria in 
(j4.6p and considering addable boxes for a partition which meets these criteria, we can see that this 
partition falls into one of the following categories. 

(1) /U has height p+q+1: In this case, exactly one box can be removed to form a partition which 
satisfies ()4.6p . the box in position {l,p + q + 1). This partition n looks like the partition in 
Figure m with only box 1 added. For example 



if {an 



(6'?)=ffl, and fi 



then /i came from A 
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a> b : 



a <b 





—"m 








1 
1 




V \ 

1 
1 




[2J— ^ 


2J 




l^ 




[41 


u' ! 

1 




v' \ 




tn-^ 


r-iT 


^-' 





Figure 4. Added boxes corresponding to partitions with one parent, as described 
in cases 1-4 in the proof of Lemma 14.61 (see also Figure [2]) . 



(2) /ig+i = a + 1: In this case, there is exactly one box which can be removed to obtain a 
partition which satisfies (j4.6p . the box in position (a + 1, g + 1). This partition // looks like 
the partition in Figure H] with only box 2 added. 

(3) ;Ui = a + 6 + 1: Again, there is exactly one box which can be removed, the box in position 
(a + 6 + 1, 1). This partition /x looks like the partition in Figure H] with only box 3 added. 

(4) /Up+i = 6+1: This is similar to the case above, but is a little more complex. We can only 
see /ip+i = 6+1 when a > 6 and //g = a. So the only removable box is the one in position 
(6 + l,p + 1). This partition \i looks like the partition in Figure S] with only box 4 added. 

(5) ;Uj +/ip+g_j+i = a + 6+1 for some 1 < j < p, but [ij < a+6+1 and ^pj^q^j+i < min(a, 6) + l: 
This is the case which will yield two partitions. One is the partition in which we remove 
the box in position {fij,j); the other is the partition in which we remove the box in position 
(a + 6 + 1 — fJ-j,p + q + 1 — j)- This partition fi looks like those in Figure El where the 
boxes marked x and y are corner boxes, one oi x or y has position {i,j), and the other has 
position {a + b+1 — ij,j,p + q+l— j). 

For example, 

if (aP) = ^ffl , (6') = H , and // 



:::::qq 





then fj, came from A 



H 



or 



D 



Lemma 4.7. Suppose ^ G "Pi and A G "P differ by a box, and c{fi/X) is the content of this box. 
Then 

(1) there is exactly one such A if and only if c(/i/A) = —p — q, a — q, a + b, or b — p, and 

(2) if c{fi/X) 7^ —p — q, a — q, a + b, or b — p, then there is exactly one A' G P distinct from 
A which differs from ^ by a box, and 

c[f-L/\ ) = a — p + b — q — c{fi/X). 
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a> b : 



a < b : 




-p-q 



a + b 



or 



-p-q 



\ b-p 



a + b 



a — q 



Figure 5. Added boxes corresponding to partitions with two parents, as described 
in case 5 in the proof of Lemma 14.61 (see also Figure [2|). AdditionaUy, critical 
diagonals are marked with contents a + b, a — q, b — p, and —p — q for Lemma 14.71 



Proof. If ^ € "Pi satisfies cases 1-4 in Lemma 14.61 then 

c{fi/X) = —p — q, a — q, a + b, or b — p. 

The final case yielded two partitions which differ by the movement of one box. If a box in position 
{i,j) in A G "P can be moved to get another partition in V, then that box must satisfy either 

(1) max(a, b) < i < a + b and < j < q, or 

(2) < z < min(a, b) and p < j <p + q. 

If (i, j) satisfies (1), then 

max(a, b)— q<i— j<a + b — q. 

So since p > q, 

-p-q<i-j, 

If (z, j) satisfies (2), then 



q < i — j, b — p < i — j, and 



j < a + b. 



—p — q < i — j < min(a, b) — p. 



So, similarly. 



-p-q <i-j, 



j < a 



j < b — p and 



j < a + b. 



Thus, if there are two partitions in V which can be obtained by removing a box from /i, then the 
contents of those boxes are distinct from —p — q, a — q, a + b, and b — p. See Figure [5] for an 
illustration of these bounds. D 

4.2. Action on tensor space. We return now to the representation $ : ^^ — > Endg(M(8) A^®!^®'^) 
in Theorem 12.11 Unfortunately, this map does not factor through the quotient defined in ()3.ip 
and p.2p . However, we can twist by the following automorphism of Gk to acquire the desired 
representations of T-fj^^- 
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Lemma 4.8. Fix Cx, Cy, Cz, d G C. The map (f) : Qk ^^ Gk given by 

tsi *~^ tg^, 

Xii-^ Xi + {{i - l)d + Cx) , Ui^ yi + {{i - l)d + Cy) , 
Zi>-^ Zi + {{i - l)d + Cx + Cy) , and zq >-^ zq + c^, 
is an algebra automorphism. 

Proof. Observe that for i > 1, 

^(Xj+i - ts^XitsJ = Xi+i - tg^Xitsi + d, 

4>{yi+i - ts^Vits,) = Vi+i - tsiVits, + d, and 
4>{mi) = mi + {i - l)d. 

Relations (fZTOD . ([ZTTD . and ([23]) follow directly. D 

Reviewing notation from Section I2.H we denote by 7Af,7v the operator which acts on M and N 
in M (8) A^ (8) V® by 7 and on all other factors by the identity. Similarly, 7jj' acts by 7 on i and 
j factors of V , and for a factor X, ^x,i acts on X and the i copy of V ^ kx acts by k on X, and 
«^x,<i acts by «: on X and the first i factors of V (where kx,<o = k,x)- 

Now, define 

(4.7) $' = $o(^:^fc ^Endg(MOiV(g)F®'=), 

so that 

^'{Xi) = -{KM,<i-KM,<i-l) + iii - l)d + Cx) id, ^'iVi) = -iKN,<i-KN,<i-l) + {{i - l)c? + Cy) id, 

^'(^i) = -^il^M(8N,<i - KM<S>N,<i-l + Ky) + {{i - l)d + Cx + Cy) id, for 1 < i < /c, 

^'(^0) = -^{kmisiN - KM - kn) + c^id = 7Af,Ar + c^id, and 

<^'{ts^) = idM <^ idAf <8) idy^^"^-* (g) s ® id^^''"^""^^ where s ■ (u^v) = v®u 
for 1 < j < k — 1. 

Theorem 4.9. Fix g = gl^ or s[„, and let M = L ((a^)), A^ = ((6'')), and V = L{oji). 

(a) When g = g[„, fix Cx = Cy = — ^n, and d = 0. 

(b) When g = s[„, fix 

ap I ( l\ hq I ( l\ , , 1 

Cx = [n Cy = \n , ana a = —. 

n 2 \ nj n 2 \ nj n 

For this choice of Cx, Cy, and d, and any choice of Cz, the map $' in (14. 7p factors through the 
quotient by (|3.1|) and (|3.2|) . so defines an action ofTi'^^ which commutes with the action of g. 
Proof. 

The relations in (|3.1|) can be rewritten as 

3^4+1 ts^Xitsi = tsi, Vi+l tsiVitsi ^ ts^., l ^ i, . . . , /C i. 

Recah from (i2l6l) that for X = M, iV, or M ® N, 

K.x,<j = i^x + JK.V + 2 ^ lx,i + X] '^'■'^ 
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and so 

(4.8) 



i^x,<i - Kx,<i-i = K-v + 27x,i + 2 ^ 7^,f 



l<^<i 



as an operator on X <^ y^k ^ Therefore 

{l^X,<i+l-I^X,<i) - Si{Kx,<i - I^X,<i-l)Si 



Kv + 27x,i+i + 2 ^ 7i,i+i - Si \ Kv 
i<e<i+i 



+ 27x,i + 2 ^ 7i,i I Si 



l<i<i 



= Kv + 27x,i+i + 2 ^ 7i,i+i - \i^v + 27x,i+i + 2 ^ le,i+i 
i<^<i+i y i<e<i 

= 27j,j+i. 
This means that to show (j3.ip . it only remains to be checked that 

idM O idAr(g) id^*"^ ® s id^''"*"^ 
= $'(t^J = $'(3:^+1 -t^^Xit^J 

= ^ ((KM,<i+l - KM,<i) + 2 (i (i + Ca;) - Si{KM,<i - K,M,<i-l + 2((i - l)d + Ca;))Si 
= 7i,J+l + rf 

^ f 7j,i+i when 5 = 0[„, 

\7i,i+i + ^ when3 = s[„, 

as operators on Al (^ N ® y^k ^^.j^g check for ^'{tg^) = <l>'(yj+i — ts^Vitsi) is the same). 
The decomposition oiV ®V \s 

where if ui, . . . , f„ is a basis for y, then 

L { \ I l ) = spandfj (8) Wj + Vj (8) i;i | 1 < i, j < n}, and 

L ( ^ — \] = span^jfj (8) ijj — Vj (S>Vi \ 1 < i, j < n}. 
It follows from this decomposition and Lemma 14.21 that the actions of s and 7 are given by 

e = Q^n = sin 



^(m) ^(g) 



^(m) i-(g) 



1 



1 



so (j3.ip is satisfied. 

Next we check (xi — a)(xi +p) = 0. By ()4.8p . we have 

$'(xi) = i/ty + 7M,1 + Cx- 
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The module M (^V decomposes as 



(4.9) M®V = L 



L 



Case 1: = g[„ 

By Lemma |4. 11 

(4.10) Kv = (^1,^1 + 25) - {n- l)\uji\ = 1 + (n - 1) - (n - 1) = n, 

so \Ky + Cx = 0. By Lemma 14.21 and the decomposition in (I4.9p . 7^,/,! = a or —p, so 
<&'(xi — a){xi -|-p) = as desired. 
Case 2: 3 = sin 
By Lemma |4.H 

(4.11) Ky = (cji , Wi + 2/7) = n , 

n 

so ^Kv' + Cx = ^- By Lemma [4.21 and the decomposition in (|4.9p . 7Af,i = (a — ^) or 
(— p — ^) so <l>'(xi — a)(xi -|-p) = as desired. 

The relation (yi — 6)(yi + (7) = follows analogously, and therefore (j3.2p is satisfied. 

D 

4.3. Bratteli diagrams and seminormal bases. Let 

(4.12) C = Co CCi CC2 C ... 

be a chain of semisimple algebras. Let Ck be the set of equivalence classes of finite-dimensional 
irreducible Cfc-modules for k = 0, 1, ... , and write C^ for a module in the class // € C^. Here we 
will be describing an oriented ranked graph, the Bratteli diagram for (14.12p . which encodes the 
representation theory of Ck in terms of the representation theory of Cj for i < k. In the example 
where Ck is the group algebra of the symmetric group CSk, this diagram the same as Young's 
diagram. This exposition on Bratteli diagrams and seminormal bases closely follows |0V| . where 
they discuss chains of finite-dimensional semisimple associative algebras in general. 

The Bratteli diagram associated to a chain ()4.12p is an oriented ranked graph, with a rank for 
each Cj. The vertices of rank or on level k are the elements of the set Ck- Two vertices ^ G Ck~i 
and v & Ck are joined by d oriented edges from // to i/ if 

(4.13) d = dimRomc,_,{Cf',C''), 

i.e. d is the multiplicity of C^ in the restriction of C to a Cfe_i-module. Write 

fj'\i 1^ if /U and v are connected by an edge from fi io v. 

li ji ^ Ci and A G C^ with i < k, write 

11 C X if there is a path /i \ • • • \ A from /i to A in the Bratteli diagram. 

In other words, /i C A if and only if the multiplicity of /i in A after appropriate restriction is nonzero. 
Our favorite examples are when q = sin or g[„, M and N are finite-dimensional simple modules 
indexed by rectangular partitions, V is the standard representation, and 

(1) Cfc = Endg(M®y®'=), 

(2) Cfc = Endg(A^«)y®^'), or 
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(3) Co = Endg(M) and Ck = Endg(M (E) N (S) F®^-i). 

In fact, as we will see in Examples 14.31 and 14.41 these Bratteli diagrams are all multiplicity free {d 
in (j4.13|) is always or 1). With multiplicity free diagrams, the decomposition 

C^= C^ 

is canonical. By induction, we obtain a canonical decomposition of the module C'^ into irreducible 
one-dimensional Co-modules 

T 

indexed by all possible paths 

(4.14) r = (T(°) \t(i) \---\r('=) = A), 

where T^^' E Ci for each {) < i < k. In particular, vt is the unique element (up to scalar multipli- 
cation) respecting the inductive process, i.e. for each < i < A;, after the induction 



Indg0Ct;r = 0c.r, 



T 



iT^i) 



We call the basis {vt} of C^ a (non- 



each vector Vt lands in the isotypic component Crp{i)C 
normalized) seminormal basis. 

Any finite dimensional g-module U decomposes as a (g,Endg([/))-bimodule as 



(4.15) 



U^^L{X)®C^ 



where C are distinct irreducible Endg([/)-modules (see [GWl Thm 3.3.7]), isomorphic to the span 
of all highest weight vectors of weight A in U. So both the irreducible g-modules and the irreducible 
Endg(M ^ N (S) F® )-modules appearing in M N (S) V^® are indexed by the same set. Therefore, 
the result of the combinatorics outlined in Section [4.11 is that, for our favorite examples, the paths 
in (j4.14p are in bijection with specific sets of tableaux, which we define now. 

For two partitions A C /_i, the skew shape fi/X is the portion of /u not contained in A. A (standard) 
fj,/X-tableau is a filling of the skew shape /i/A with the integers 1, . . . , |/i| — |A| so that the row fillings 
increase from left to right and the column fillings increase from top to bottom. For example, if 

3 and /i : 



A 



(4.16) 



Ti 



iH^, then there are three /Li/A-tableaux 



ET 



m 



mi 



and Ts 



tir 



^ 



Now consider sequences of partitions T = (A = T^^> \ T^^> \, • • • \ T^^' = fi) where T*-*' is 
obtained from T^^~^' by adding a box. We can identify each T with the ^/A-tableau built by 
placing the integer i in the box added at the z*^ step. For example. 



ff 



\ 



D 



is identified with Ti in (j4.16p . 
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Example 4.3 (Bratteli diagram for Endg(M (g) V'^'')). Let g = sl^ or g[„, M = L{{a'P)), and 
V = L{{1^)), and consider the example where C^ = Endg(M (g) V"^^). The inclusion map in (j2.13p 
provides a chain 

(4.17) C = Endg(Af) CEndg(M®y) C ... 

as in equation (j4.12p . By identifying classes of Ck with partitions as in Section [7^7] , we learn from 
Example \4-l\ that the dimensions in ()4.13p are all or 1, and that the paths in ()4.14p are in bijection 
with the set of tableaux 

(4.18) {r = ((aP) = r(°)\...\r(^))}. 

In particular, each Ck-module C^ has seminormal basis {vt} indexed by the tableaux in (|4.18p which 
end at T^ ' = X. Moreover, C is the same as L in ()4.15p . and each vt is a highest weight vector 
of weight T^*) in Res^':M ® V^^ for each i = 0,...,k. 

Example 4.4 (Bratteli diagram for Endg(M (g) A^ (g) V^'')). Let g = s[„ or g[„, M = L{{aP)), 
N = L{{b'^)), and V = L((l^)), and consider the example where 

Co = Endg(M) and Cfc = Endg(M (g iV F®'^-^). 

Just as in the previous example, these Ck satisfy the chain 

(4.19) C = Endg(M) C Endg(M (g iV) C Endg(M (g) N (S)V) Q ■ ■ ■ . 

As in Example \4-^ if (o,^) o.'^d {b'^) are rectangular partitions, let V = V {{a^) , {b'^)) be the set of 
partitions fj, for which L{fi) appears as a submodule of L{{aP)) (g L{{b'^)). In particular, each L{n) 
appears with multiplicity 1. Let Vq = V and define Vt to be the set of partitions which are obtained 
by adding a box to an element ofVk-i- 

The classes in Ck are in bijection with the partitions in Vk-i, and the Bratteli diagram for the 
chain in (j4.19p is the following oriented ranked graph: 

Vertices: The vertices are labeled by partitions. 

level 0; On level 0, place one vertex, labeled by (a^). 
level A: > 0: On level k > place one vertex for each partition in Vk-i- 
Edges: Edges connect two vertices on adjacent levels. 

Connect the vertex on level to each of the vertices on level 1 with one edge. 
Connect each vertex on level k — 1 to a vertex on level k if the vertex on level k can be 
obtained by adding a box to the corresponding vertex on level k — 1. 

For the examples where a,p > 2 and b = q = 2, levels 0, 1, and 2 are shown of the Bratteli diagram 
in Figure O Notice that each of the partitions in Vi comes from exactly one or two partitions in 
Vq; this happens for any choice of a,b,p, and q by Lemma \4.6\ 

Again, we learn from Examples \4.1\ and \4.S\ that the dimensions in (j4.13p are all or 1, and that 
the paths in (|4.14p are in bijection with the set of tableaux 

(4.20) {T = (T(i) \ • • • \ tW) I T(*) G Vi-i fori = l,..., k}. 

In particular, for each X € Vk-i, the Ck-module C has seminormal basis {vt} indexed by the 
tableaux in (j4.20p which end at T^^' = X. Moreover, C^ is the same as C^ in (j4.15p . and each vt 
is a highest weight vector of weight T^^> in Res^'^M (g A^ (g y^^~i for each i = 0, . . . ,k — 1. 
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] -p-2 gxr- -p-2 gx- -p-2 



!] 


-J 


JJ 


] 


J 






u 


III 


: 


.J 


b 



Figure 6. Levels 0, 1, and 2 of a Bratteli diagram encoding isotypic components 
of M (g) A^ ® y. The edges are labeled by combinatorial values given by the action 
of Hf^^ as stated later in Theorem I4.1U[ 



We now return to the representation ^' in Theorem I4.9[ and combinatorially determine the 
eigenvalues of the operators ^'{xi),^'{yi), and ^'{zi), ioi i = 1, . . . ,k. If A C /i are partitions 
differing by a box in column c and row r, recall c{iJ,/X) = c — r is the content of the box fj,/X in /i. 
Theorem 4.10. Let ^' : Ti'j^^ — > Endg(M (g) A^(8) F®*^) be the representation in Theorem \J^ with 

There is a basis {vt} of M ® N ® y^k i^fj^^xed by standard tableaux 

{r = (T(°) \---\rW) I r(^') eVjforj = o,...,k} 

with action 

^'{zi)vT = c{T^'^/T('~'^)vt, fori = l,...,k, 
and 



^'izo)vT= \abq + 2 J^ {c{B) - ^{a - p + b - q)) 



VT, 



BeB„ 



(0) 
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where Bx to be the set of boxes in A in rows p + 1 and below. 

Proof. The basis for M ® A^ Cg) V^'' produced in Example 14.41 is specifically one which satisfies 

VT G Wt(0 «> V^^^-'^ CM(g)N® T/®^ i = 0,...,k, 
where Vrp^i) is a highest weight vector of weight T^^' in L{T^'^') C M ^ N ® y®«. Therefore 

^'{Zi) ■ VT = (|(KMCg)Af,<i - K,M(g,N,<i-l + Ky) + ((« - l)d + C^ + Cj^)id) • Vt 

7l(t(»-i)),v + i^v + {{i - l)c^ + Cx + Cy)id) vt- 
By Lemma [321 ()i30]) and (liTT]l . 

_/c(r«/r(-i)) if5 = 0[n, , _jn if0 = 0ln, 

''^(^'"^')'^"lc(r»/T(-^))-^^^^-^^ if0 = 5i„, '"^ "^"h-i if0 = .i.. 

So since 

Cx = Cy = —■^n, and (i = when g = g[„, and 

ap 1/ 1\ bq 1 f 1\ 1 

Cx = -"- } ^(^y = nh^ ' and d= - when g = sl„, 

n 2 \ ny n Z \ nj n 

we have ^'{zi)-VT = c{T^^' /T^^~^')vt as desired. Similarly, the action of ^'{zq) follows from Lemma 
K5[ D 



Example 4.5. To illustrate, we apply Theorem \4-10 to the example where a,p > 2, b = q = 2 



and k = 1. Returning to Figure\^ above, we can read that there there are eighteen distinct isotypic 
components of M ® N ®V , six of which correspond to 2- dimensional Endg(M ® N ® V)-modules 
and twelve of which correspond to 1-dimensional Endg(M ® N ® V) -modules. 

The edges connecting level to level 1 are labeled by the combinatorial formula for the action 
of zq, and the edges connecting level 1 to level 2 are labeled by the content of the box added. In 
general, we label the edges connecting level i to level i + 1 by the content of the box added. The 
paths in this diagram from (a^) to A € Pi index the basis of C^, and <^'(zi) and $'(zo) o,ct on those 
basis elements by the corresponding edge labels. 

Remark 4.11. Example 14.31 gives a basis {vt} oi M ® V® indexed by standard tableaux 

{T = {{aP) = T(o) \ ■ ■ ■ \ T^^^)]. 
For every n (^ N, there is a canonical map 

t„ : M (g) V®'' ^ M® V®^ ®N ^M(^N ® V®^ . 
Therefore, by picking a basis {uj} of N , {vt} can be lifted to a basis for M (^ N (^ y^k 

{s(^T)}i,T. 
A similar calculation as in Theorem 14. 101 will produce 

^'{Xi) ■ Ln,{vT) = c(r«/T(*-'))in,(^T). 

Similarly, there is a basis of highest weight vectors {vt} for N V®^ indexed by standard 
tableaux 

{T = ((6«) = t(°) \---\r('=))}. 
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By picking a basis {rrij} for M, the map 

produces a basis 

{im,ivT)}j,T 

which satisfies 

^'{vi) ■ im,{vT) = c(r«/r(-i)).„^(^T). 

These two examples reflect the fact that the degenerate two-boundary braid algebras and Hecke 
algebras contain one-boundary analogs (though this isomorphic containment is left for future work) . 
Later, Theorem 15.31 will provide explicit formulas for xi (and therefore yi) in terms of the basis 
given in Theorem 14. 101 but we can already ascertain the eigenvalues of xi and yi, as they are stable 
under a change of basis. 

Remark 4.12. The algebras in (j4.12p are also known as Gelfand-Zetlin algebras, and the semi- 
normal bases are (non-normalized) Gelfand-Zetlin bases. Denote the center of Ci by Z{Ci). The 
commutative subalgebra Ak C Ck generated by the subalgebras Z{Co), Z{Ci), ...Z{Ck), is the 
Gelfand-Zetlin subalgebra in [OVj . It remains for future work to show that the subalgebra of 
End(M (g) iV ® y^^) generated by $'(zo), ^'(^i), ■ ■ ■ , ^'(-^fc) has large index inside of the Gelfand- 
Zetlin subalgebra for the chain in Example 14.41 However, Theorem 14.101 is suggestive of this 
relationship, and future work on the center of ^^^* will show that the subalgebra generated by 
subalgebras Z(?^q^*), Z{'Hf^^), ..., Z(T-L^^), is in fact the same as the subalgebra generated by 

Zo,Zi,...,Zk. 

5. Seminormal Representations of Tif^^ 

In Section [4. 2|, we showed that a quotient of T-i^^ is a subalgebra of Endg(M C?) A^ ® V^ ), when 
= 0l„ or sin, M and N are simple g-modules indexed by rectangular partitions, and V is the 
standard representation. Then in Section [131 we showed that the action of the generators zq, . . . , z^ 
on M N V® is simultaneously diagonalizable with eigenvalues given by combinatorial values. 
In this section, we study all seminormal representations, and conclude finally in Corollary 15.51 that 
the simple Endg(M $5 iV ® F®*')-modules in M (g) A^ (g) V'^'' are also simple as T^^-modules. 

This section serves as a culmination of work done so far on T-C^ and T-Cj^^ , and will draw on many 
results throughout the paper. As a guide to the reader, we will be primarily citing results from 
Sections [3l 14.11 and 14.31 The presentation of choice for H'^^ is given in Theorem 13. 2| in particular, 
we switch from the generating set 

^Oj ^1 ) • • • 5 ^fcj xi,...,xi^, yi,...,yf^, t^i ) • • • ) *Sfc_i 
to the generating set 

Wo,Wi,... ,Wk, Xi, ts-^,... ,isfe_i, 

where Wi = Zi — ^{ci — p + h — q). Section [4. 31 (specificallv Example 14. 4p introduces the combinatorial 
backbone of the modules that we study in this section; the bases for the modules in Proposition 15.21 
are indexed by the same tableaux as in the Bratteli diagram for Endg(M (^ N ® y®k^ \^ Example 
14. 4[ The specific combinatorial properties of these tableaux begin in Section I4.lt Example 14.21 
describes the set V of partitions that index the simple submodules of L{{a^)) (8)L((p'^)), and Figure 
[2] provides a useful illustration of the partitions in V; then Lemmas 14.61 and 14.71 tell us about the 
shape and symmetries of the Bratteli diagram at levels 0-2, and Figure [5] illustrates this symmetry. 
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Finally, in Section 14.31 Theorem 14.101 tells us the correct action of the Wi , and Remark 14.111 tells us 
how to anticipate the eigenvalues of the action of xi. 

Fix a, b, p, q non-negative integers with q < p- Recall from Example 14.41 that "Pq = ^ is the set of 
partitions indexing simple submodules of L[{aP)) L((6'^)), and Vi is the set of partitions obtained 
by adding a box to any partition in Vi^i- Let 7a be the set of tableaux 

(5.1) Ta = {t = (r(°) \ . . . \ tW = A) I r(°) G r, r« e n} . 

The box added to r(*-i) to get r(*) is h = T(*)/r(*~i). Define shifted contents 
CT{0) = abq-{\Bf,\ + l){a-p+b-q) + 2 Y, <B), 

CT{i) = c(r«/r(^-i)) -^-(a-p + b-q), 

where B^ is the set of boxes in /x in rows p + 1 and below, as described in Lemma 14. 5[ 

Lemma 5.1. A tableau T ^T\ is fully determined by 

CT(l),...,cr(fc), and T^^\ 

Proof. This can be shown by induction on k. The key observation is that the value CT^i), i > 0, 
determines the diagonal on which T^"^' /T^^~^' lies. In any given partition, there is at most one 
removable box on any diagonal. So cxik) and T^^^ determines T^'^"^). By iterating, ct(«) and T^*^ 
determines T'*~^\ so we can recover T^^~^' , T^^~'^\ . . . , T^^> . 

D 

Two consecutive boxes 6j and ftj+i are in the same row or column if and only if c(6j) = c(6j+i) ± 1. 
So for any i for which CT{i) 7^ ct(^ + 1) ± 1, we can define siT^"^' as the partition obtained removing 
bi and adding 6j+i, and so 

(5.2) SiT = (t(°) \ r(i) \ . . . \ r(^-i) \ s^rW \ t^^+^^ \ • • • \ t^^'^) 

is the tableau constructed from T by switching the order of adding the i*'^ and (i + l)*'^ boxes. 
Notice that if CT{i) 7^ CT{i + 1) =b 1, then SjT is the only tableau which varies from T only at the 
i*^ position; otherwise, if CT{i) = CT{i + 1) ± 1, then there is no such tableau. 

Similarly, for any /i G "Pi, there are exactly one or two partitions v ^V which differ from /x by a 
box by Lemma [4. 61 Li other words, there are exactly one or two v ^V which could be the first step 
in a tableau with a given shifted content list cr(2), . . . , CT{k). Lemma 14.71 tells us that there is one 
whencT(l) = ^ (± (a + p) ± (& + g)), and there are two otherwise. SoifcT(l) 7^ ^{±{a + p)±{b + q)) 
define 

(5.3) soT = (sotW \ r(i) \ . . . \ rc^) ) , 

where so?" is the unique partition built by moving T'^Y^ to its complementary position (see 
Remark |13] or Figure [5]) . Since c(r(i) /sqT^^^ ) = a - p + b - q - 2c{T^^'^ /r(o) ) , we have 

(5.4) c,ot(1) = -ct(1). 

Proposition 5.2. Fix A G Vk and define 

H^ = spanj.{ vt \ T G T\ } 
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as a vector space with basis indexed by all tableaux from any ^ ^V to \. Define an action ofW^^ 
by 

Wi ■ vt = CT{i)vT, for < i < k 

ts, ■ VT = [ti]T,TVT + [ti]T,SiTVs,T, for I < i < k - I 

Xi-VT = [xi]t,TVT + [xi]t,soTVsoT 

where [ti]T,s^T = if and only if CT{i) = CT{i + 1) ± 1, and [xi\t,soT = if and only if ct(1) = 
2(±(a +p) ± (6 + q)). Then T-i^ is a simple T-L^^^ -module with respect to this action if and only if 

(1) Ht.t = l/{cT{i + 1) - CT{i)), 

(') [^^]-^- = ^) -' 

(3) Commutation: 

[ti\s,T,s,SjT[tj\T,SjT = MT,s,T[tj\s,T,s,s,T, for j / i ± 1, 

[U]soT,SiSoT[xi]T,soT = {ti]T,s,T[xi]siT,sos,T-, for i > 1, 

(4) Involutions: 

[ti]T,s,T[ti]s,T,T = 1 - {[ti\T,T) , 

(5) Quadratic relation: 

[X,\t,s,t[x,Wt,T - ^^^^^^^ _ (a+p)+(.+.) ^| j^^^(^) ^ (a±Et(^) , 

(6) Braid relations: 

[ti]T,s,T[ti+l\siT,Si+iSiT[ti\s,+ is,T,SiSi+^SiT = [U+l\T,s,+ iT[ti\si+iT,SiS,+ iT[ti+l\siS,+-^T,SiSi+^SiT , 

\xi]s-i_T,sosiT[xi]siSos-i_T,sosisos-iT[tl\T,s-iT[tl\sos-iT,siSoSiT 

= [xi]T,soT[xi\s-^SQT,soSiSQT[tl\soT,SiSoT[tl\sos^soT,s^sosisoT- 

Before we provide a proof of this proposition, we will give a nice example of such a seminormal 
representation. 

Theorem 5.3. Define an action ofH^^ on T-L by 

Wi- Vt = CT{i)vT, for < i < k 

tsi ■ VT = [ti]T,TVT + [ti]T,s,TVs,T, for 1 < i < k - 1, 

Xi-VT = [xi]t,TVT + [xi]t,soTVsoT, 

and 

' ^1 - [U]It ifS^T, 



[ti]T,S = < 



[ l/(cT(i + 1) - CT«) ifS = T, 
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[^l] 



T,S 



\ 






{a+p)-(b+q) 

2 
(a+p)-(fc+g) 

2 



p)ct(1) + 4(1) + 



(a+p)+(fe+g) \ f (a+p)-ib+q) 



ifS^T, 



ifS 



2cr(l) 
W^it/i this action, Ti^ is a simple T-Uj^^ -module. 

Proof. The values for \t,i\'r^T and [xi] j^^t^ are pulled directly from Theorein l5.2l so we need only check 
criteria 3-6: Commutation, Quadratic relation, and Braid relations. We will verify these using the 
fact that [a::i]T,S and \ti\T,s for S ^T are functions of shifted contents ct{J). 

Commutation: For j ^ i ±1, CT{i) = CsjT{i), crii + 1) = %T(i + 1), ctU) = Cs^tU), and 
ct(j + 1) = C5,t(J + 1), so 

[ti]sjT,s,SjT = {ti]T,SiT and [tj]T,SjT = [tj]s,T,SjS,T- 

Similarly, for i > 1, cr(i) = Csoxii) and crii + 1) = Cs^Tii + 1), so [ti]soT,sisoT = [ti]T,s,T, and 

ct(1) = Cs.t(1), so [2;i]t,soT = [xi]siT,sosiT- Thus criteria 3 is satisfied. 

Quadratic Relation: By equation (j5.4p . [xiJ^-^sq^ = [3;i]r,sor) so criteria 4 is satisfied. 

Braid relations: For the first braid relation, let A = CT{i), B = CT{i + 1), and C = CT{i + 2). 

Either both sides of the equality 

[ti]T,SiT['ti+l]siT,s,+iSiT[ti]s,+ iSiT,SiSi+iSiT = [ti+l]T,s,+iT[ti]si+iT,SiSi+iT[ti+l]siSi+iT,s,Si+iSiT 

are zero, or the six tableaux involved sit in a subgraph of the Bratteli diagram depicted in Figure [71 
This encodes the fact that for whichever of these S exist, their shifted contents follow the pattern 
in 15.51 and one can use these values to check that the first braid relation is satisfied. 



S 



(5.5) 



Trri /T~t rri rri rri 



A 


B 


A 


C 


B 


A 


C 


A 


C 


C 


B 


B 



C 


B 


A 



cs{i) 
cs{i + 1) 
cs{i + 2) 

For the second braid relation, let A = cr(l) and B = ct(2). So either both sides of the equality 

[a;i]siT,sosiT[a;i]sisosiT,sosisosiT[il]T,siT[il]sosir,sisosiT 

= [xi]T,soT[xi\sisoT,sosisoT[h\soT,sisoT[tl\sosisoT,sisosisoT 

are zero, or the eight tableaux involved sit in a subgraph of the Bratteli diagram depicted in Figure 
[HI This encodes the fact that for whichever of these S exist, their shifted contents follow the pattern 
in 15.61 and one can use these values to check that the first braid relation is satisfied 

5 — > T SqT SiT SqSiT SiSqT SqSiSqT SiSqSiT SqSiSqSiT 

(5.6) 



-A 
B 



B 

A 



-B 

A 



B 

-A 



-B 

-A 



A 
-B 



-A 
-B 



cs{l) A 
cs(2) B 

Thus criteria 6 is satisfied, concluding the proof of Theorem 15. 3i D 

Proof of Proposition \5.2l We prove Proposition 15.21 in two parts. In Part 1, we check that the 
relations in the presentation of 'H'^^ given in Theorem 13.21 hold, showing that T-L^ is a "H^^^-module. 
In Part 2, we verify that Ti^ is simple. 
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Figure 7. A generic subgraph of the Bratteli diagram in levels i + 1 through i + 4. 




Part 1: T^'^ is a "H^^'-module. By (j3.9p . the elements wo,wi, . . . ,Wk generate a commutative 
subalgebra of Tif^^, so we begin by fixing the diagonal action as stated above, 

WoVT = {abq + 2 ^ {c{B) - ^{a - p + b - q)) vt, 

\ B&Bx ) 

WiVT = ct{i)vt-, for 1 < i < A:. 



Now write 

ts.VT = ^ [U]t,svs and xivt = ^ [xi\t,svs, 
SeTx S&Tx 

where T\ is the set of tableaux ()5.ip and [ti]T,s, [xi]t,s G C. 

Claim 1: Relations t^. = 1, (j3.6p . and (|3.1Up are satisfied if and only if 

tsiVT = [ti]T,TVT + [ti]T,s,TVsiT, iov i = 1, . . . , k - 1, 
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Figure 8. A generic subgraph of the Bratteh diagram in levels through 3. 




(5.7) 



[t 



i\T,T 



and [k]T,sHs,T = l-{[ti]T,T?. 



CT{i + l) - CT{i) 

Proof: The first commutation relation (j3.6p . tg^Wj = Wjig^ for j 7^ i,i + 1, implies 

ts.WjVT = ^ CT{j)[ti]T,SVS 

SeTx 

= Wjts,VT= ^ Cs{j)[ti]T,SVS- 

SeTx 
So for each S, either 

[ti]T,s = or ctU) = csij) for aU j j^i,i + l. 

The first twisting relation (IS.lOp . together with relation t^. = 1, require 

tsiWi - Wi+itsi = -1 = Witsi - ts^Wi+i, 
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I.e., 



(ts-Wj - Wi+itsJvT = ^ {cT{i) - Cs{i + l))[ti]T,SVS 
S&Tx 
= —Vt 

= {wits^ - tsiWi+i)vT = ^ {cs{i) - CT{i + l))[ti]T,SVS- 

S&Tx 
So 

(5-8) [ti]T,T = ^r-T\ M 

ct{i + 1) - ct{i) 
and for S ^T, either 
(5.9) cs{i + I) = CT{i) and cs{i) = cxii + 1) or [t^J^n ^ = Q. 

By Lemma 15.11 equations ()5.7p and ()5.9p tell us 

tsiVT = [ti\T,TVT + [ti]T,s,TVs,T, for i = 1, . . . , A; - 1, 
where \ti\T,SiT = if CT{i) = ct^i + 1) =b 1. Finally, the involution relation t^. = 1 implies 

[ti]T,T = -[ti]s,T,s,T and [ti]T,s[ii]s,T = 1 - {[U]T,Tf ■ 

The first is implied by [tilx^T = a+D-c d) ' ^^^ ^^^ second places a new condition on 
coefficients. This concludes the proof of Claim 1. 
Claim 2: Relation (j3.7p is satisfied if and only if 

xiVT = [xi]t,tvt + [xi]t,soTVsqT, where [xi]t,soT = if cr(l) = ±{a + p) ± {b + q). 
Furthermore, (13. 5p . (|3.1ip . and (]3.12p are additionally satisfied if and only if 

(a - p)cTil) + 4(1) + (M£)+(^) j- (a+p)-(6+g) -j 



[xi] 



T,T 



2ct(1) 
and 



^ Yl\CT[ 



■ (2ct(1))^ y^J^J-J H 2 ) \(^T{i) 2 



[xi]t,soT[xi]soT,T - ^ ^ J>^^^^ ^ _ (a+p) + (fe+g) \ /^^^ ^ ^ (a+p)-(b+q) ' 

Proof: The relation xiii^j = ■WjXi for i > 1 implies 

XiWiVT = ^ CT{i)[xi]T,SVS 
S&Tx 

= WiXiVT = ^ cs{i)[xi]T,svs- 
Sen 
So by Lemmas 14.61 and 15. 1[ 

(5.10) XiVT = [xi]t,TVT + [xi]t,soTVsoT, 

where [xi]t,soT = if cr(l) = ±(a + p) ± (6 + g). 

Now let K = f2±P+b±q\ U+p~ib+q) \ ^ g^ ^^^ ^j^.^^ twisting relation (f3T2]l . 

xizyi = — UJirri + (a — p)ti'i + tf f + ii'. 
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says 

{xiWi +WiXi)vT = (ct(1) + Ct{1))[xi]t,TVT + (ct(1) + Csot{1))[xi]t,soTVsoT 

= 2ct{1)[xi]t,tvt 
-- {{a - p)wi + wl + K)vT= ((a - p)ct{1) + (ct(1))^ + K) vt- 
So 

{{a-p)cTil) + icTil)r + K) 



(5.11) [xi] 



T,T 



2ct(1) 
If S* = sqT exists, then the quadratic relation (j3.5p impUes 

XJVT = i[xi]T,T + [xi]t,s[^i]s,t)vt 

+ i[xi]T,T[xi]T,S + [xi]t,s[^i]s,s)vs 

= (a - p)xi + ap= {{a-p) [xi]t,t + ap)vT + {a - p) [xi]t,sVs- 

We could conclude ([xi]t,t[2;i]t,s + [a;i]T,s[2;i]s,5) = (a — p)[xi]t,s from (I5.1ip . so this 
simply tells us that 

[xi]t,s[xi]s,t = -[xi]t,t + {a - p)[xi]t,t + ap 

/ ((a-p)cT(l) + 4(l) + J0 y 
1^ 2ct(1) ) 

^, J {{a - p)ct{1) + cUl) + K) \ , 

RT) r ('^ + — 2 — J i^^(') 2 — J 



44(1) 



ct(1) ^ I I ct(1) + ^ 



Finally, the second twisting relation (I3.1ip implies 
xi{wo + wi)vT = (ct(0) + ct{1))[xi\t,tvt + (cr(0) + CT(l))[a:;i]T,soTfsoT 

= {WQ + t(;i)xit'T = (ct(0) + CT(l))[2;i]T,Tt'r + (CsoT(O) + CsoT{1))[xi\t,soTVsoT ■ 

So we require 

[xi\t,sqT = [xi\t,soT = or ct(0) + ct(1) = Cs(,t(0) + Csot(1)- 

Recall from (j5.4p that if fsgT exists, then Csot(1) = —ct{X)- So this requirement is equivalent 
to 

[xi]t,soT = or ct(1) = ^(csot(O) - ct(0)), 

and is therefore a consequence of the construction in Lemmas 14.41 and 14.51 This concludes 
the proof of Claim 2. 



Claim 3: The second relation in (|3.3p and relation (j3.8p are satisfied if and only if 

[ti\sjT,s,SjT[tj\T,SjT = [U]T,s,T[tj\siT,SjSiT, for J / Z ± 1, 
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and 

[ti]soT,s,soT[xi]T,soT = [ti]T,s,T[xi]s,T,sos,T, for i > 1, 

respectively. 

Proof: For j 7^ i zb 1, the second relation in ()3.3p implies 

tsitsjVT = [ti]T,T['f^j]T,TVT + [ti]T,sMtj]T,TVsiT 

+ [ti]sjT,SjT[tj]T,SjTVsjT + [ti]sjT,SiSjT[tj]T,SjTVsiSjT 
= tsjtsiVT = [ti]T,T[h]T,TVT + [ti]T,s,T[tj]s,T,SiTVs,T 

+ [ti\T,T[tj]T,s,TVsjT + [ti]T,SiT[tj]siT,SjS,TVsjSiT- 

If SiT and SjT exist, we already know [tj]T,T = [*i]s,T,Sir and [ti]sjT,SjT = [ti]T,T because 
ct{j) = Cs^tU) and cxii) = Cg^rii) for j 7^ i ± 1. However, since SiSjT = SjSiT, we gain 
the requirement 

[ti]sjT,SiSjT[tj]T,SjT = [ti]T,sM'tj]s,T,SjSiT- 

Similarly, for z > 1, relation ()3.8p implies 

tsiXlVT = [ti]T,T[xi\T,TVT + [ti]soT,soT[xi]T,soTVsoT 

+ [ti]T,s,T[xi]T,TVsiT + [ti\soT,s,soT[xi]T,soTVsiSoT 
= Xits^VT = [ti]T,T[xi]T,TVT + [ti]T,T[xi]T,soTVsoT 

+ [ti]T,s,T[xi]siT,SiTVsiT + [ti\T,s,T[^l]s,T,soSiTVsiSoT 

since sqSjT = SjSqT for i > 1. If sqT and SjT exist, we already require that 

[ti]soT,soT = [ti]T,T and [xi]t,T = [xi]siT,SiT, 

since CT{i) = CsoT{i), crii + l) = CsoT{i + 'i-), and ct(1) = Cs,t(1)- However, given sqT, SiT, 
and SQSiT exist, we gain the requirement 

(5-12) [ti\soT,s,soT[xi]T,soT = [ti\T,s,T[xi]s,T,soSiT, 

concluding the proof of Claim 3. 

Claim 4: The braid relation ()3.3p is satisfied if and only if 

[ti]T,sM'ti+l]siT,Si+iSiT[ti]si+iSiT,s,Si+iSiT 

= [ti+l]T,Si+iT[ti]s,+ iT,SiSi+iT[ti+l]siSi+iT,SiSi+iSiT- 

Proof: If vs exists for S = SiT, Sj+iT, SiSi+iT, Si+iSiT, SjSj+iSjT, then 

tsitsi+itsiVT = {[ti]T,T[ti+l]T,T + [ti\T,s,T[ti+'i-]siT,s,T[ti]siT,T) Vt 

+ {[ti\T,T[ti+l]T,T[ti\T,s,T + [ti]T,s,T[ti+l]s,T,SiT[ti]s,T,s,T)Vs,T 

+ {[ti\T,T[ti+l]T,s,+ M'l^i]s,+ iT,s,+iT) Vs,+iT 

+ {[ti\T,T[ti+l]T,s,+ M'l^i]s,+ iT,s,s,+^T) Vs,s,+iT 

+ {[ti]T,s,T['^i+l]s,T,s,+ iSiT[ti]si+iSiT,Si+iSiT) Vsi+iSiT 

+ {[ti]T,s,T['^i+l]s,T,s,+ iSiT[ti]si+iSiT,SiS,+ is,T) Vg.Si+iSiT 
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because siSiT = T. Similarly, 

ts,+its,ts^+^VT = ([ii+l]T,T[*j]r,T + {ti+l]T,s,+ M'l^i]s,+iT,s,+Mti+'i-]s^+iT,T) VT 
+ {[ti+l]T,T[ti]T,T[ti+l]T,Si+iT 

+ [ti+l]T,s,+ iT[ti]s,+iT,s,+ iT[ti+l]s,+ iT,Si+iT)vsi+iT 
+ [ti+l]T,T[U]T,s,T[U+l]s,T,SiTVsiT 
+ [ti+l]T,T[U]T,s,T[U+l]s,T,Si+iSiTVsi+iSiT 

+ [ti+l]T,s,+iT[ti]si+iT,s,s,+ i_T[ti+l]siS,+ i_T,SiS,+ is,TVs,Si+iSiT- 

To check the identity ts.ts.^j^ts^vx = ts^^-^ts.tg.^-^^VT, we show that each coefficient in ts^ts^^^^ts^VT- 
ts^+itsitsi^iVT is 0, noting that if some S does not exist, the result is trivial. 

Let A = CT{i), B = CT{i + l), and C = CT{i + 2). By definition, for whichever of these S 
exist, their shifted contents are given by the table in (I5.5p . So, by using the condition that 
[ti]T,T = 1/(ct(^ + 1) ~ CT{i)) to simplify the above expansion, we find that the coefficients 
on each vs, for S = T, SiT, Sj+iT, SiSi+iT, Si+iSiT, is 0. The remaining term, 

-[ti+l]T,Si+iT[ti]si+iT,s,Si+iT[ti+l]s,Si+iT,s,Si+is,T)VsiSi+iSiT 

cannot be reduced using the determined values, and so we add the assumption that this 
coefficient is 0. This concludes the proof of Claim 4. 



Claim 5: The braid relation (13.4p is satisfied if and only if 

[xi]siT,sosiT[xi]sisosiT,sosisosiT[tl]T,siT[il]sosiT,sisosiT 

= [xi]T,soT[xi]sj_soT,sosisoT[tl]soT,sisoT[tl]sosisoT,sisosisoT- 

Proof: Let ax = [xi]t,t, &t = [xi]t,soT, dr = [h]T,T, er = [ti]T,siT- So 
xits^VT = axdTVT + hrdrVsoT + as^TerVs^r + bs^reTVsosiT, and 

Xits-^Xits-t^VT 

= {a\d\ + brbsoTdTdsoT + aTasiTeTesiT)vT 
+ {arhrdT + asoTbTdrdsoT + asiTbTeTesiT)vsoT 
+ {arasiTdreT + ag^j'ds^T&T + bsiTbsosiTdsosiTeT)vsiT 
+ {arbsiTdreT + asirbsiTds^T^T + 0'sosiTbsiTeTdsosiT)vsosiT 

+ {asisoTbTdTesoT)VsisoT 

+ {bsisoTbTdTesoT)VsosisoT 

+ {0'SisosiTbsiTeTesosiT)VsisosiT 

+ (ftsiT^sisosiTeTesosiT)'f^sosisosiT; 
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and so 

(xit^jXitsj +XitsJvT 

= {a\.d\ + bThsgrdrdsoT + axas-^Te-Te-siT + aTdT)vT 
+ [arhrd^ + as^TbTdrdsoT + as^rhreTesiT + bTdT)vsoT 
+ {aTas^TdreT + ag^^^ds^TeT + bs^rbsosiTdsosiTeT + asxTeT)vsxT 
+ {arbsiTdreT + ag^rbs^Tds^TeT + asosirbsiTerdsosiT + bs^TeT)vsosiT 

+ {asisoTbTdTesoT)Vsj_soT 

+ {bsisoTbTdTesoT)VsosisoT 

+ {asisoSiTbsiTeTesoSiT)VsisoSiT 

+ {bsiTbsisosiTeTesosiT)VsosisosiT- 

Similarly, since sqSiSqSiT = siSqSiSqT, 

= {(3pSp + bTbsoTdrdsoT + aTas^re-Te-s^T + aTdT)vT 

+ {aTbrdTdsoT + asoTbrdl^T + as-^soTbresoTesisoT + bTdsoT)vsoT 
+ {o^dxeT + brbsoTdsoTe-T + aTas^rdsiTeT + aTeT)vsiT 

+ {aTbsiTdsosiTeT)VsosiT 

+ {aTbrdTesoT + asoTbrdsoTesoT + asisoTbrdsisoTesoT + bTesoT)vsisoT 

+ {bTbs-i_soTds(,s-i_soTesoT)VsosisoT 

+ {aTbsiTeTesosiT)vsisosiT 

+ {bTbsisoTesoTesosisoT)VsosisosiT- 

Let A = ct(1) and B = ct{2). By definition, for whichever of these S exist, their shifted 
contents are given by the table in (|5.6p . Thus the values of 05 and dg are given by 



S^ 


T 


soT 


siT 


SQSiT 




as 
ds 


ax 

1 

B~A 


-ax + {a - 
1 

B+A 


-p) as^T 
—djr 


-as^T + {a - 
dsoT 


-P) 



s 



SiSqT SqSiSqT SiSqSiT SqSiSqSiT 



as flsiT -as^T + {a-p) ar -ax + {a - p) 
ds —dsoT dr —dsoT —dr 

Furthermore recall that bxbsox = —aj- + (a — p)aT + ap and Cs^t^t = 1 — dq.. Using these 
values, we can simplify the expansion of 

{{xits^Xits-^ +Xits^) - {ts^Xits-^Xi +ts^Xi))vT 

to find that the coefficients of vs for S = T, sqT, siT, sqSiT, siSqT, sqSiSqT, and siSqSiT 
are 0. The remaining term, 

{[xi]siT,sosiT[xi]sisosiT,sosisosiT[tl]T,siT[tl]sosiT,sisosiT 

- [xi]T,soT[xi]sisoT,soSiSoT[tl]soT,siSoT[tl]sosisoT,sisosisoT)vsosisoSiT, 
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cannot be reduced using the determined values, and so we add the assumption that this 
coefficient is 0. This concludes the proof of Claim 5. 

This concludes Part 1, showing that Ti. is a "H^^^-module. 

Part 2: 71^ is simple. 

We first show that any nontrivial submodule of % contains some basis element vt- We then 
prove that any basis element vt generates 71^, and conclude that l-i^ contains no nontrivial proper 
submodules. 

Claim 1: If 7^ u G T-L\ then T-L'^^v contains some element of the basis vt- 
Proof. For any S e 7a, let 

Ws = {wi - cs{l)f + (,W2 - cs{2)f + --- + {wk- cs(,k)f. 

By Lemma |5. 11 



/ k \ 

Wsvt = y^{cT{i) — cs{i)) \ Vt = if and only if T = S. 

Therefore, if 

Write 

z; = ^ dsvs, ds € C. 
S&Tx 

Since t' ^ 0, there is some dr 7^ 0, and so vt = ^Pryu G Tif^^v, concluding the proof of 
Claim 1. 

If ct(1) 7^ ±i((a-|-p) ± (b + q)), then [xi]t,soT ¥" 0- Define the operator do on the basis {vt}tgTx 
of n^ by 

(5 13) aoVT={^ iicT{l) = ±^{{a+p)±{b + q)), 

\ [xi]LoT (^1 ~ [^i]r,T)'^T Otherwise, 

and extend linearly. Though ctq is not formally an element of 'H'^^, it defines operator on T-i^ via 
Tif^^, i.e. aoVT € Ti'^^vx- Therefore if Vs^t exists, then 

ctqVt = 7 — ] {xi - [xi]t,t) vt 

[xi\t,soT 

'^xi]t,tvt + [xi]t,soTVsoT - [xi]t,tvt) 



[xi]t,soT 
= VsoT, 

and so Vs^t G V-I^^vt- 
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Similarly, if CT{i + 1) 7^ ^Tii) i 1, then [ti]T,siT 7^ 0. Define the operator ctj 



1, . . . , A: — 1, on 



the basis {vT}TeTx ^^ ^ ^y 



(5.14) 







O-iVT 



Jt^its.-[U]T,T)VT 



if CT{i + 1 
otherwise 



and extend linearly. Again, Uj is not formally an element of Tij^ 

e have 

1 



= CTii) ± 1, 
'^^* but rather defines an operator 



on Ti^ via "H^^*. So if Vs^t exists, we have 



(TiVT 



[ti]T,s,T 
1 



[t 



iT,SiT 



{ts, - [ti]T,T) VT 

{[ti]T,TVT + [ti]T,SiTVsiT - [ti]T,TVT) 



VsiT, 



and so Vg^r € TiJ^^vr- 

Recall from Section 14.31 that we can view every tableau either as a sequence of partitions, as we 
have been doing, or as a skew shape filled with integers 1, • • • ,k with increasing rows and columns. 
Viewing T as a standard filling now, consider the placement of labels i and i + 1. If they are 
adjacent (in row or column), then CT(i + 1) = ct(«) ± 1, and so SiT does not exist. However, if 
labels i and i + 1 are nonadjacent, then SjT is gotten from T by switching i and i + 1. For example. 



(5.15) 



S2 • 



_13J4 

1 1 1 

2 5 



im 



Define the tableau row(T) as the filling of X/T^^' built by placing values 1, . . . ,k left to right, top 
to bottom, consecutively (this tableau only depends on the shape of the first and last partitions in 
T). 

Claim 2: For any tableau T € 7a and any submodule U C T-i , 

vt & U if and only if ^'row(T) S U. 

Proof. For any T, the following process allows us to construct row(T) by applying a series 
of Si moves to T. 

1. Reading left to right, top to bottom, find the first box which has a different filling from 
row(T). Let j be the filling in this box and let i be the box immediately before it. 

2. Notice J — 1 is not placed in any boxes north (east or west) or directly west of j, since 
those boxes are filled with 1, . . . ,i. Therefore, j — 1 and j can be switched by applying 

Sj-l. 

3. If Sj-iT = row(T), we are done. Otherwise, begin again at step 1 with Sj-iT. 

Let w = Sig . . . Si^Si-^ be the word generated by this process (where Sj^ is the first transposi- 
tion applied, and so on). In the example begun in (j5.15p . this process unfolds as follows. 



(5.16) 



TTT 











|2|4| 










1 








3 


5 













|1|4| 










2 








3 


5 





*3, 





|1|3| 


2 

4 5 





row(T) 



nun 



So w = S2S3S1S2 and S2SSS1S2T = row(T). 
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If wT = Sj^ . . . SjjSjiT = row(T), then CTj^ . . . (Ji^ai^vx 
We can apply the same process to find w~^row(T) = T, implymg ai^ui^ 
and so vt G ^fc^*^row(T)- This concludes the proof of Claim 2. 



^row(T) and so Wrow(T) € "Hf *^'T• 



• • • 0"j^^row{T) = VT 



Recall from Lemma F4.5l that ii fi ^ V, then B^ is the set of boxes in rows p+ 1 and below in /_f . If A 
is a partition containing /j,, let B^ be the set of boxes {i,j) in B^j, for which box {a+b+l—i,p+q+l—j) 



is also in A. The criteria in ()4.2p imply that the shape obtained by moving each of the boxes 
{i,j) € Bjl to their complementary position {a + b+1 — i,p + q + l— j) gives another partition in 
V, which we denote (A//i)™^^. For example, if 

A = 



(5.17) 



m 



and r(°) 



F" 



then 



B^ 



{(l,p + 2)} and (A/^r 



Moreover, since (A/^)"^^^ G A, there is a tableau 5 = ((A/^)"^^ = 5^°) \ • • • \ S^''^ = A) 
from (A//x)™^^ to A. Define Tx = row(5), i.e. Tx is the unique tableau in T\ with T^^' highest in 
lexicographical order and with fillings reading left to right, top to bottom. From the example in 
(j5.17p . Tx is the last tableau pictured below in (|5.18|) . 

Claim 3: For any tableau T £ Tx and submodule U C T-i^, 

Vt £ U if and only if vt^ € U. 

Proof. The following process allows us to construct Tx from T through a series of sf. 

0. Use the process in Claim 2 to move T to T' = row(T). 

1. Reading left to right, top to bottom, find the last box {i,j) in Bb,,^f)y 

2. The box in position (a + b+1 — i,p + q + l — j) is filled with a 1. Therefore, we can 
construct a new tableau S = {S^^' \ • • • \ -S'^'^^ = A) € 7a, where S^^' is built from 
T'W by moving box (a + 6+l-i,p + g + l-j) to {i,j), and 5^*^ = T'W for i = 1, . . . , /c. 
The resulting filling will have a 1 in box (i, j) and 2, . . . , /c identical to T' . This new 
tableau S is equal to sqT' (see the description of (j5.3p ). 

3. Use the process in Claim 2 to move to row(soT"). 

4. If row(sor') = Tx, then we are done. If not, return to step 1 with row(sor'). 

Let w = Si^ . . . Si^Si^ be the word generated by this process (where Sj^ is the first transpo- 
sition applied, and so on). Continuing from the example in ()5.16p this process proceeds as 
follows. 



(5.18) 



J. _l3i4 

1 1 1 

2 5 



row(T) 



nm 



so. 









|*|2| 






1 


3 






1|4 


5 





SI, 



I | 3 | 

2T4 5 



■52, 



Tx 



m 



So w = S2S1S0S2S3S1S2, and wT = Tx- 



If wT 



, Si^Si^T = Tx, then CTj^ . . . ai^Ui-^^VT = vt^ and so u^a £ Tif^ vt- We can 



apply the same process to find w T 



Si-, S 



ll''l2 



, Si^Tx = T, implying 



o"ii a, 



l\'~'l2 



(Ti^Vn = VT 



and so vt € ^fc^^^T^- This concludes the proof of Claim 3. 
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By Claim 1, any nonzero submodule U C Ji-^ contains some basis vector vt- By Claim 3, U 
therefore contains vt^, and consequently contains all basis vectors vt of 'H'^. Thus, U = Ti.^ and so 
% is simple. This concludes Part 2, and therefore completes the proof of Proposition 15.21 D 

Remark 5.4. We have shown slightly more than was stated in Proposition 15.21 Namely, if 71^ is 
a T^l^^-module with basis indexed by T G 7a and wiVt = CT{i)vT for = 1, . . . , A;, then 

(1) ts^VT = [ti\T,TVT + [ti\T,s,TVs,T and xiVt = [xi]t,tvt + [xi\t,soTVsoT, where [ti]T,siT = if 
and only if cr(i) = CT(i + l)±l, and [xiJt^soT = if and only if ct(1) = i(ib(a+p)±(6+g)), 

(2) [xiJt-^s' and [ti]T,5 satisfy items (l)-(6) of Proposition [521 and 

(3) li.^ is simple as an ?^^^*-module. 

What is more is that the proof that % is simple (Part 2) relies only on the action of 7^^, and so 

O/CXt 

Res^*" \T~i ) is simple. 

Corollary 5.5. In the setting of Theorem \4- 10 . 



Res^rf4ff^^'^^'^^(/:'^) and Res^^^^^^^f ^^^^"'^)(/:'^) 
are simple 'H'f^^- and T-Ci^-modules, respectively. 

Proof. By Theorem liTOl any simple End0(M (g) TV (g) y®'=)-module €>" C M N ® V^'^ has basis 
{vt I T G Tfj.} on which Wi acts via $' by WiVT = CT{i)vT- The restatement of Proposition 15.21 in 
Remark 15.41 implies C^ is simple as both a "H^^^-module and a ?{fe-module. D 
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